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■ Dynamic Structural Models in Marketing: Reward Programs, Learning,
Stockpiling, Technology Adoption.

■ Standard estimation approach - Nested Fixed Point Algorithm (Rust,
1987)

■ Bayesian estimation approach - Modified MCMC algorithm (Imai, Jain
and Ching, 2009)

■ Simplified approach - Erdem, Imai and Keane (2009) and Hendel and
Nevo (2006)

■ Another approximation approach for estimating models with product
level data - Ching (2000, 2008)

■ Measuring Time Preference and Time Discounting.

■ Conclude.
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■ Lewis (2006), Hartmann and Viard (2008) are the first who use dynamic
programming models to study the incentive of loyalty programs.

■ A consumer needs to earn enough points to redeem a reward (e.g., free
game, gifts, or air-tickets)

■ A nice environment to measure consumer forward-looking incentives.

■ Challenges: Some rewards programs, like Air Miles, could be quite
complicated to study.
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A simple dynamic model of store choice with reward programs.

■ There are two supermarkets in a city (j = 1, 2).

■ Each store offers a stamp card, which can be exchanged for a gift upon
completion.

■ Consumers get one stamp for each visit with a purchase.

■ Reward programs at the two supermarkets differ in terms of: (i) the
number of stamps required for a reward (S̄j), and (ii) the mean value of
the reward (Gj).

■ Gij ∼ N(Gj, σ
2
Gj

), i indexes consumers.

■ Once consumers receive a gift, they will start with a blank stamp card
again in the next period.
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■ pijt ∼ i.i.d. N(p, σ2
p).

■ Let si = (si1, si2) be the number of stamps collected.

■ Consumer i’s single period utility of visiting supermarket j is:

Uijt(sit, pit; θ) =

{

αj − γpijt + Gij + ǫijt if sijt = S̄j − 1,

αj − γpijt + ǫijt otherwise.

■ The utility of “not shopping” is normalized to zero, i.e., Ui0t(s) = 0.

■ We assume that ǫ follows i.i.d. extreme value distribution.
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■ The consumer i’s objective is to choose a sequence of store choices to
maximize the sum of the present discounted future utility.

max
{dijt}∞t=1

E

[

∞
∑

t=1

βt−1dijtUijt(sit, pit; θ)

]

where dijt = 1 if consumer i chooses store j in period t and dijt = 0
otherwise, and β is the discount factor.

■ The evolution of the state, sit, is as follows.

sijt+1 =











sijt + 1 if dijt = 1 and sijt < S̄j − 1

0 if dijt = 1 and sijt = S̄j − 1

sijt if dijt = 0.
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■ The main dynamics of the model is the intertemporal trade-off created
by the reward program.

■ Suppose that a consumer is close to completion of the stamp card for
store 1, and store 2 offers a lower price today.

■ If the consumer chooses store 2 today, he/she will get a better deal
today but will delay the completion of the stamp card for store 1.

■ If β is less than one, the delay will lower the present discounted value of
the gift.

■ The incentive not to delay the completion will increase as he/she gets
closer to the completion of the stamp card.
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■ Only one store and the outside option.

■ Other parameters are set as S̄1 = 5, α1 = −2.0, G1 = 3.0, σG1
= 0, and

γ = −1.0.
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V (si; pi, Gi, θ)

≡ Eǫ max{V1(si; pi1, Gi, θ) + ǫi1, V2(si; pi2, Gi, θ) + ǫi2, V0(si; Gi, θ) + ǫi0}

= log(exp(V1(si; pi1, Gi, θ)) + exp(V2(si; pi2, Gi, θ)) + exp(V0(si; Gi, θ))).

The second equality follows from the extreme value assumption on ǫ.

Vj(si; pij , Gi, θ) =

{

αj − γpij + Gij + βEp′V (s′; p′, Gi, θ) if sij = S̄j − 1,
αj − γpij + βEp′V (s′; p′, Gi, θ) otherwise,

V0(si; Gi, θ) = βEp′V (s′; p′, Gi, θ)

The expectation with respect to p′ is defined by

Ep′V (s′; p′, Gi, θ) =

∫

V (s′; p′, Gi; θ)dF (p′).
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■ We use contraction mapping to solve for V . Start with an initial guess,
V 0. Then use Bellman operator to update V n recursively until it
converges (Refer this to standard DP step).

Êp[V
n−1(s′; p′, Gi, θ)] =

1

M

M
∑

m=1

V n−1(s′; pm, Gi, θ)

V n(si; pi, Gi, θ) = E max
j

{Uij(si; pi, θ) + βÊp′ [V
n−1(s′; p′, Gi, θ)]},

where {pm}M
m=1 are drawn from the price distribution.



Nested Fixed Point Algorithm
(Rust, 1987)
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■ Likelihood (i.e., choice probabilities in this case) for a given θ is a
function of the alternative specific value functions evaluated at θ.

■ In maximum likelihood, the parameter estimate, θ̂, maximize the
likelihood of the observed data.

■ If we use derivative based maximization routine to search for θ̂, and
suppose that there are k parameters, we need to evaluate the likelihood
at k + 1 different θ (because we calculate the numerical partial
derivatives). In other words, we need to numerically solve the value
functions k + 1 times in each iteration. If it takes 200 iterations to
converge and there are 20 parameters to estimate, we need to solve the
value function numerically 40,000 times.

■ In bayesian MCMC estimation, the number of iterations required for
convergence is even much higher, typically, more than 30,000 iterations.
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■ In the nested fixed point algorithm (Rust 1987), the value functions
need to be solved at each trial parameter vector.

■ IJC make use of the past outcomes of the estimation algorithm,
{V l(s, ǫl; θl)}r−1

l=l−N , to approximate Eǫ[V (s, ǫ; θ)] (take advantage of
the continuity of V in θ). In contrast, the conventional method simply
throws away this information.

■ Applicable to general infinite horizon stationary DDP models.

■ It estimates and solves the DDP model simultaneously.

◆ Computational burden of IJC algorithm of each iteration is
comparable to that of estimating a standard static discrete choice
model.

■ It can incorporate unobserved heterogeneities (random coefficients).



Key features of IJC method
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■ MCMC algorithm that bases on a proxy of the value function.

■ Consider a model without unobserved consumer heterogeneity.

■ The outputs of the algorithm in iteration r include {θr, EpṼ
r(s, p; θr)}.

Store Hr = {θl, EpV
l(s, p; θl)}r−1

l=r−N .

■ Use Metropolis-Hastings within Gibbs to obtain θr.

■ Given a candidate draw θ∗r, use {EpṼ
l(s, p; θl)}r−1

l=r−N to obtain an

estimate of Êp′ [V (s′, p′; θ∗r)].

■ Make M draws of prices, pm = (pm
1 , pm

2 ), from the price distribution.
Obtain Ṽ r(s, pm; θ∗r) by applying the Bellman operator only once based
on Êp′ [V (s′, p′; θr∗)]. Then,

EpṼ
r(s, p; θ∗r) =

1

M

M
∑

m=1

Ṽ r(s, pm; θ∗r).
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IJC propose to replace the standard DP step with the following step:

■ Let Hr = {θ∗l, EpṼ
l(., p; θ∗l)}r−1

l=r−N be the history of simulated draws
up to the previous iteration r − 1.

■ For each s,

Êp′ [V (s′, p′; θ∗r)] =
N
∑

n=1

EpṼ
r−n(s′, p, θ∗r−n)

Kh(θ∗r − θ∗r−n)
∑N

k=1 Kh(θ∗r − θ∗r−k)
,

where Kh() is a kernel with bandwidth h > 0.

■ Simulate {pm}M
m=1, and compute the pseudo-value function

Ṽ r(s, pm; θ∗r) = max
j

{Uj(s, p
m; θ∗r) + βÊp′ [V (s′, p′; θ∗r)]},

EpṼ
r(s, p; θ∗r) =

1

M

M
∑

m=1

Ṽ r(s, pm; θ∗r).
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■ The pseudo-value function is defined as follows.

Ṽ r(s, pm; θ∗r)

≡ Eǫ max{Ṽ0(s; θ
∗r) + ǫ0, Ṽ1(s; p

m
1 , θ∗r) + ǫ1, Ṽ2(s; p

m
2 , θ∗r) + ǫ2}

= log(exp(Ṽ r
0 (s; θ∗r)) + exp(Ṽ r

1 (s, pm
1 ; θ∗r)) + exp(Ṽ r

2 (s, pm
2 ; θ∗r)))

where

Ṽ r
j (s, pm

j ; θr) =

{

αj − γpm
j + Gj + βÊr

p′V (s′, p′; θr) if sj = S̄j − 1,

αj − γpm
j + βÊr

p′V (s′, p′; θr) otherwise,

Ṽ r
0 (s; θr) = βÊr

p′V (s′, p′; θr).
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When S is discrete, and N increases at an appropriate rate as l increases, IJC
show that:

■ Theorem 1: The sequence of approximated value function V l converges
to V in probability uniformly over (S, ǫ, Θ).

■ Theorem 2: θl converges to the true posterior distribution in total
variation norm.

■ Note that in practice, we need to fix N .



Remark 2
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■ The approximation step of the Emax functions can also be applied in the
classical methods (Brown and Flinn 2006).

■ However, applying it in the Bayesian estimation has at least two
advantages:

◆ Past value functions are evaluated at parameter vectors, which are
randomly distributed around the current parameter value – good for
non-parametric approximation. This is typically not the case in the
classical methods.

◆ Accurately simulating a posterior distribution is usually easier than
finding the global maximum/minimum of a complex
likelihood/GMM objective function.



How to choose N and h
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■ The rate of convergence is usually faster for smaller N , because the set
of past pseudo-value functions used for approximation are more recent
and accurate.

■ However, smaller N also leads to the weighted average of the
pseudo-value functions more sensitive to the change in the set. As a
result, we may get larger posterior standard deviation.

■ One trick we can use is to set N to be small at the beginning and
increase it as the number of iterations increases.



How to choose N and h (cont’d)
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■ A general strategy to choose N and h (bandwidth): check how good the
approximation for the value function is during the estimation.

◆ For instance, in every 1,000 iterations, compute the means of the

MCMC draws,
¯̃
θ, and compare the distance between the

pseudo-value function and the exact value function at
¯̃
θ.

◆ If memory is not a constraint, store a large N past pseudo-value
functions and use the most recent N ′ < N to do the Emax
approximation.

◆ One can increase N ′ as soon as the researcher discovers that the
approximation is not good enough.

◆ Then set a new h based on standard optimal bandwidth formula,
e.g., Silverman’s rule of thumb.



Estimation 1: Impact of N
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■ We simulate samples based on the solution of the dynamic model. We
then estimate the parameters of the model by using different N ’s.

■ True parameters of the simulation

◆ Store intercepts: α1 = α2 = 0.

◆ Population mean of rewards: G1 = 1.0, G2 = 10.0.

◆ Population variance of rewards: σG1
= σG2

= 0 (no heterogeneity).

◆ Number of stamps for rewards: S̄1 = 5, S̄2 = 10.

◆ Price coefficient: γ = −1.0.

◆ Discount factor: β = 0.98.

■ We use gaussian kernel with bandwidth=0.02, and estimate α1, α2, G1,
G2, γ.



Estimation 1: Impact of N (cont’d)
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Parameter estimates

Sample size: 100,000 (1,000 consumers for 100 periods)
Fixed parameters: S̄1 = 5, S̄2 = 10, p̄ = 1.0, σp = 0.3, σGj

= 0 for j = 1, 2,
β = 0.98
Tuning parameters: h = 0.01 (bandwidth).



Estimation 1: Impact of N (cont’d)
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Estimation 1: Impact of N (cont’d)
Reward Program IJC Algorithm Extensions Discount Factor Stockpiling PC Model Technology adoption Learning

Slide # 23



Estimation 2
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■ We simulate samples based on the solution of the dynamic model with
and without unobserved consumer heterogeneity.

■ True parameters of the simulation

◆ Store intercepts: α1 = α2 = 0.

◆ Population mean of rewards: G1 = 1.0, G2 = 5.0.

◆ Population variance of rewards: σG1
= 0, and σG2

= 0 (no
heterogeneity) or 1.0 (heterogeneity).

◆ Number of stamps for rewards: S̄1 = 2, S̄2 = 4.

◆ Price coefficient: γ = −1.0.

◆ Discount factor: β = 0.6 or 0.8.



Results: Homogeneous Model
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Sample size: 100,000 (1,000 consumers for 100 periods)
Fixed parameters: S̄1 = 2, S̄2 = 4, p̄ = 1.0, σp = 0.3, σGj

= 0 for j = 1, 2
Tuning parameters: N = 1, 000 (no. of past pseudo-value functions used for Emax
function approximation), h = 0.01 (bandwidth).



Results: Heterogeneous Model
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Sample size: 100,000 (1,000 consumers for 100 periods)
Fixed parameters: S̄1 = 2, S̄2 = 4, p̄ = 1.0, σp = 0.3, σG1

= 0
Tuning parameters: N = 1, 000 (no. of past pseudo-value functions used for Emax
function approximation), h = 0.01 (bandwidth).



Comparison of Computation Time
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Average seconds per iteration

■ For the IJC algorithm, every time a candidate parameter value is rejected, we
re-computed the likelihood function at previously accepted parameter value,
which will be used to evaluate the likelihood ratio in the Metropolis-Hastings
step.

■ For the full solution based Bayesian algorithm, we set the number of draws for
the integration of prices to be 100.

■ Note that the average time per iteration for the full-solution based MCMC
increases exponentially with β when estimating a model with unobserved
heterogeneity, while it remains unchanged for IJC.

■ For β = 0.98 and no. of iterations = 10,000, full-solution based MCMC would
run for 70 days, while IJC would run for 2.5 days.



Policy Experiments
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■ Policy experiments may seem hard to do from the Bayesian perspective.

■ Suppose we are interested in the effect of changing θi to θ́i = (1 + t)θi.

■ Modify the IJC algorithm as follows:

◆ In each iteration r, set the draw of the policy parameter vector as
θ́r
−i = θr

−i and θ́r
i = (1 + t)θr

i .

◆ Need to store {θ́∗l, EpṼ
l(., p; θ́∗l)}r−1

l=r−N in addition to what we
store before.

◆ After convergence, use {θr}L
r=L−D−1 to set the simulated policy

parameters: θ́r
i = (1 + t)θr

i . Then use {θ́∗l, EpṼ
l(., p; θ́∗l)}r−1

l=r−N to
construct the corresponding pseudo-value functions and choice
probabilities for the simulated policy experiment outcomes.

◆ Extra computation time per iteration for the heterogeneous model:
0.9s for N = 500, and 1.74s for N = 1000.



Continuous State Space
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■ What if we allow prices to be serially correlated? (e.g., f(p′|p; θp))

■ Modify the IJC algorithm above and combine it with the random grid
approximation by Rust (1997).

◆ In each iteration r, make a draw of prices, pr = (pr
1, p

r
2), from

U [p, p̄]2, and compute the pseudo-value function at pr.

◆ Outputs of the algorithm become (in the homogeneous model)

Hr = {{θ∗l, pl, Ṽ l(., pl; θ∗l)}r−1
l=r−N , ρr−1(θr−1)}

◆ The expected value function at (s, p; θr) is then approximated as

Êr
p′ [V (s′, p′; θr)|p] =

N
∑

n=1

Ṽ r−n(s′, pr−n; θr−n)
Kh(θr − θr−n)f(pr−n|p; θp)

∑N
k=1 Kh(θr − θr−k)f(pr−k|p; θp)

.



Remarks
Reward Program IJC Algorithm Extensions Discount Factor Stockpiling PC Model Technology adoption Learning

Slide # 30

■ Curse of Dimensionality of parameter space – in this case, the problem
can be mitigated because we can control N .

■ If the size of data set is large, and the model is well-identified, MCMC
draws would concentrate in a small neighborhood of the posterior means
– reduce the need to use a large N .

■ There are many kernels that one could use. Norets (2008) extends IJC
by using “nearest” neighbors, and consider serially correlated error
terms.

■ One can also weigh the past pseudo-value functions depending how
recent they are.



Remarks (cont’d)
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■ This paper uses an example of dynamic store choice to illustrate how to
implement the IJC algorithm.

■ IJC is particularly beneficial in estimating a model with unobserved
heterogeneity.

■ Osborne (2008) applies the IJC method to estimate a consumer learning
model.

■ Ching et al. (2009) estimate a dynamic model of learning and
forgetting.

■ Our C and Matlab programs which implement the IJC method are
available upon request.

■ The paper is available at SSRN: http://ssrn.com/abstract=1398444



Estimating the Discount Factor
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■ Can the discount factor and preferences be nonparametrically identified?
In general, one needs to make functional form assumptions, or rely on
exclusion restrictions (Rust 1994, Magnac and Thesmar 2002).

■ Rust (2006) argues that “nonparametric assumptions” such as
conditional independence and rational expectation are no weaker than
functional form assumptions, such as CARA, error is log normal.

■ Many people argue that the discount factor is not well-identified and
thus set β according to the interest rate (it is not clear which interest
rate one should pick).

■ With enough structure in the model, the discount factor can be
recovered, along with preference parameters. In particular, exclusion
restrictions are particularly helpful (e.g., the number of stamps in the
reward program model).



Why study stockpiling?
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■ The applications of choice models in Marketing started by Guadagni and
Little (1983) assumes (i) consumers have complete information about
brands, (ii) consumers are myopic.

■ But many consumers don’t know the quality of all brands in a store.
Ignoring this could lead to baised inference.

■ Keane (1997) points out the importance of modeling consumer
heterogeneity and forward-looking behavior.



Stockpiling
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■ Blattberg, Eppen and Lieberman (1981), Neslin, Henderson and Quelch
(1985), Gupta (1988), Chiang (1991), Bell, Chiang and Padmanabhan
(1999), Psendorfer (2002), Hendel and Nevo (2006a) find evidence that
consumers stockpile and make purchases strategically.

■ Very few research explicitly model consumer forward-looking and
stockpiling incentives: Erdem, Imai and Keane (2003), Hendel and Nevo
(2006b), Osborne (2009), Gordon and Sun (2009).

■ Challenge: The size of the state space is huge because there are many
possible combinations of brands and quantities.

■ Erdem, Imai and Keane (2003) allows for discrete type unobserved
heterogeneity, and assume consumers consume their inventories
proportionally across brands in each period.



Hendel and Nevo (2006)
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■ Hendel and Nevo (2006b) reduce the size of the state space by assuming
that brand effects only takes place when you buy the product, and the
inventory effect is the same across brands.

■ Assume that brand choice decisions and quantity decisions can be
separated.

■ The state space becomes much smaller.

■ Advantage: one can incorporate observed heterogeneity in the brand
choice stage very easily.

■ Disadvantage: it cannot accommodate unobserved heterogeneity.

■ Trade-off: observed heterogeneity with low computational costs vs.
unobserved heterogeneity (but limited observed heterogeneity) with high
computational costs.



Implementation of Hendel and Nevo
(cont’d)
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■ Step 1: Estimate the brand choice models (including brand-size-time
fixed effects).

■ Step 2: Assume that prices, advertising, coupon availability can be
summarized by an inclusive value term, and model it to follow the
first-order markov. [This has significantly simplified the state space.]

■ Step 3: Estimate the parameters for the utility of consumptions and
storage costs by structurally estimate the simplified dynamic problem.



The Price Consideration Model
(Ching, Erdem and Keane 2009a)
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■ Consumers make a weekly decision whether to consider a category.

■ This decision is made prior to seeing prices. However, it may depend on
inventory, and promotional activities.

■ Only after the consumer decides to consider a category does he/she see
prices. In this second stage, the consumer decides whether and what
brand to buy.

■ Consistent with two stylized facts: (i) many consumers cannot recall the
prices of grocery products (Dickson and Sawyer 1990, Vanhule and
Dreze 2001, Monroe and Lee 1999); (ii) ad/display could serve as price
cues (Anderson and Simester 1998, 2002), or they (together with
inventory) could turn on “purchase” mindset (Dhar et al. 2007, Xu and
Wyer 2007).



Summary of Results from CEK (2009a)
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■ The PC model dominates both MNL and Nested MNL on likelihood,
AIC and BIC criteria.

■ Simulation of data from the models reveals that the PC model produces
a dramatically better fit to observed inter-purchase spell lengths than do
the MNL and NMNL models.

■ In particular, the conventional models greatly exaggerate the probability
of short spells. For the PC model, this problem is much less severe.



The Price Consideration Model
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■ Consider a simple case where price is the only covariate.

■ Category has J brands. At each t, prior to seeing prices, consumer
decides whether to consider the category.

■ PCt = probability consumer considers category in week t. (This may
depend on inventory, promotional activity, etc.)

■ If he/she considers the category, then consumer looks at prices, and a
MNL with a no-purchase option governs choice behavior.



The PC Model (cont’d)
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■ Utility of purchase brand j at time t:

Ujt = αj − βpjt + ejt

where ejt is an extreme value error.

■ Let Pt(j|C) denote the probability the consumer chooses brand j at
time t, conditional on considering the category: for j = 1, . . . , J ,

Pt(j|C) =
exp(αj − βpjt)

1 +
∑J

k=1 exp(αk − βpkt)
(1)



The PC Model (cont’d)
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■ Let option J + 1 be no-purchase, with utility set to zero.

Pt(J + 1|C) =
1

1 +
∑J

k=1 exp(αk − βpkt)
(2)

■ Then, the unconditional choice probability is:

Pt(j) = PCtPt(j|C), (3)

Pt(J + 1) = PCtPt(J + 1|C) + (1 − PCt). (4)



Elaborating the PC Model
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■ The simple PC model in (1)-(4) can be elaborated in obvious ways:

1) consumer heterogeneity in the brand intercepts, {αj};

2) state dependence in brand preferences;

3) letting the category consideration probability PCt be a function of
feature and display indicators, ad exposures, household size and
time since last purchase (to proxy for inventories).

■ This is what we did.



The PC model (cont’d)
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■ The Price Consideration Model (PC) provides a middle ground between
the extreme price awareness assumptions of conventional models.

◆ Conventional models typically make strong assumptions about when
consumers see prices, and when they purchase a category.

◆ A model without no-purchase option implicitly assumes the
consumer only sees prices after he/she has already decided to buy
in a category, and the decision to buy is exogenous.

◆ A model with no-purchase option assumes that consumers see
prices every week.



PC Model properties
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■ In PC, IIA holds among brands, but it does not hold between brands and
the no-purchase option.

■ But in MNL,IIA holds among brands and the no-purchase option.

■ Nested MNL could deviate from IIA. But it can only achieve this by
raising the correlation among the extreme value error terms in the
second stage, i.e., it forces consumers to switch brands frequently.

■ PC can generate this departure without requiring that brands be close
substitutes making it more flexible.
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■ It generates a more flexible relationship between purchase incidence and
brand share price elasticities than conventional models.

■ The conventional models greatly overstate the frequency of short
inter-purchase spells.

■ Because they have difficulty reconciling the observed high sensitivity of
brand shares to price with low sensitivity of purchase incidence to price
in the period shortly after a purchase (when the inventory is high).

■ It is important to distinguish the reason why consumers did not buy.
Perhaps, it is much less likely for consumers to walk away once they
decide to consider a category (or the purchase mindset is on). If this is
the case, identifying what factors can trigger consumers to consider is
very crucial from firm’s point of view (or for stimulating the economy).
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■ The derivative of the log odds ratio between brands j and k w.r.t. pjt

∂ ln
[

Pt(j)
Pt(k)

]

∂pjt
= −β

■ The derivative of the log odds ratio between brand j and the no
purchase option w.r.t. pjt

∂ ln
[

Pt(j)
Pt(J+1)

]

∂pjt
= −β + β ·

(1 − PCt) exp(αj − βpjt)

1 + (1 − PCt)
∑J

k=1 exp(αk − βpkt)
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Reward Program IJC Algorithm Extensions Discount Factor Stockpiling PC Model Technology adoption Learning

Slide # 49

■ Nested logit

Pt(j|Buy) =
exp(αj − βpjt)

∑J
k=1 exp(αk − βpkt)

■ Define the inclusive value as

It = ln

(

J
∑

k=1

exp(αk − βpkt)

)

we have

Pt(Buy) =
exp(ρIt)

1 + exp(ρIt)
, 0 < ρ < 1

where 1 − ρ is (approximately) the correlation among the extreme value
error terms in the second stage.
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Nested logit (cont’d)

■ The unconditional probability of purchase for brand j

Pt(j) = Pt(Buy)Pt(j|Buy)

This gives

Pt(j)

Pt(J + 1)
=

Pt(j)

1 − Pt(Buy)
=

exp(αj−βpjt)
exp(It)

exp(ρIt)
1+exp(ρIt)

1
1+exp(ρIt)

= exp(αj − βpjt) exp([ρ − 1]It).

Therefore,

∂ ln
[

Pt(j)
Pt(J+1)

]

∂pjt
= −β + β · (1 − ρ) ·

exp(αj − βpjt)
∑J

k=1 exp(αk − βpkt)
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■ Consumer with strong preference for brand 1 (prob. of buying any other
brand is negligible).

■ PC Model:

Pt(1) = PCtPt(j|C) ≈ PCt
exp(α1 − βp1t)

1 + exp(α1 − βp1t)

■ Nested logit: It = α1 − βp1t, and

Pt(1) =
exp(ρIt)

1 + exp(ρIt)
=

exp(ρ(α1 − βp1t))

1 + exp(ρ(α1 − βp1t))

It is not possible to separately identify ρ from α and β
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When PCt = 1,

Pt(1) = PCt
exp(α1 − βp1t)

1 + exp(α1 − βp1t)
=

exp(α′
1 − β′p1t)

1 + exp(α′
1 − β′p1t)

The log odds is

ln
Pt(1)

1 − Pt(1)
= α′

1 − β′p1t

PC model generalizes this to

ln
Pt(1)

1 − Pt(1)
= α1 − βp1t + lnPCt − ln[1 + (1 − PCt) exp(α1 − βp1t)]

giving

∂ ln
[

Pt(1)
1−Pt(1)

]

∂p1t
= −β + β ·

(1 − PCt) exp(α1 − βp1t)

1 + (1 − PCt) exp(α1 − βp1t)
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■ NMNL restricts the log odds to be a linear function of price. In the
nested logit,

ln
Pt(1)

1 − Pt(1)
= ρ(α1 − βp1t).

■ The derivative of the log odds of purchase vs. no purchase w.r.t. a
constant shift of the whole price vector

∂ ln
[

Pt(Buy)
Pt(J+1)

]

∂P̄t

= −β + β ·
(1 − PCt)

∑J
k=1 exp(αk − βpkt)

1 + (1 − PCt)
∑J

k=1 exp(αk − βpkt)

while for the nested logit,

∂ ln
[

Pt(Buy)
Pt(J+1)

]

∂P̄t

= −βρ
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■ We provide an alternative way to examine how much consumers know
about the quality of durable products.

■ Key idea: for products depreciate over time and require repeated
purchases, observed individuals’ inter-purchase spells provide an
(objective) measure of quality in terms of durability.

■ This is because the higher the durability, the longer a product can last in
general.

■ We estimate both the subjective perceived brand qualities (based on
revealed preference data) and objective brand qualities (based on the
brand-specific inter-purchase spells).

■ By comparing these two measures, we infer the extent of incomplete
information faced by consumers.
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■ Composite measure of inventory: Iit = Iit−1 + πjxijt−1 − ri, where πj is
the efficiency unit for brand j; xijt is the quantity purchased of brand j

by household i at time t; ri is the consumption rate.

■ In week t, consumer i’s consideration probability:

Pit(C) =
exp(γi + Promoctγc + log(1 + Iit).γI,i)

1 + exp(γi + Promoctγc + log(1 + Iit).γI,i)
(5)

■ γi captures consumer heterogeneity.

■ Promoct = (
∑J

j=1
Adjt,

∑J

j=1
Displayjt), which measure the intensity of

advertising and display activities for the category.

■ γI,i = γ0 + Zit.γz + ǫIi.

■ Zit is a vector of observed characteristics of household i at time t.
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■ Second stage: consumer has decided to consider (but not necessarily
buy) in the category.

■ Let Uijt denote utility to consumer i of purchasing brand j at time t.
For j = 1, . . . , J , let

Uijt = αij +Promojtβ+pjt(ϕp+Zitϕz +ǫpi)+GL(Hijt, δ)·λ+eijt (6)

◆ Promojt is a vector of promotional activites of brand j at time t.

◆ GL(Hijt, δ) is the “brand loyalty” variable defined by Guadagni and
Little (1983): GLij,t = δGLij,t−1 + (1 − δ)dijt−1

◆ Hijt is the purchase history of household i.

■ For j = J + 1,

Ui,J+1,t = ei,J+1,t
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■ Pros:

◆ Durability - the amount of liquid that it can hold.

◆ A market with high turnover of buyers – new buyers keep appearing,
and they are more likely to have incomplete information.

◆ Repeated purchases happen often – lead to more observations for a
fixed period of time (unlike e.g., cars).

◆ Only four major brands: Huggies, Pampers, LUVS, Store Brand.

■ Cons:

◆ Diaper size changes over time (because the baby grows over time).

◆ Measures of perceived qualities may reflect style, comfort, etc.
Even though they are different from the durability measures, it does
not necessarily imply incomplete information.
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■ Nielsen scanner panel data for LA, Chicago and Atlanta. We observe 819
households, 157 weeks per household from 12/26/1999 to 12/28/2002.

■ Choice: when they bought, and which brand they bought.

■ Product characteristics: prices, ad, display, diaper size, quantity
purchased.

■ Household characteristics: female head age, household income,
household size, whether has a child < 6 yr old.

■ We set the following selection criteria:

◆ the household needs to have a member under 6 years old;

◆ age of the primary shoppers is below 55;

◆ purchase no more than 500 diapers in any given week;

◆ purchase at least 5 and less than 50 times;

◆ The sample reduces to 346 households.
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■ PC1 estimates a model without unobserved heterogeneity in the price
coefficient and inventory effects.

■ PC2 estimates a model with unobserved heterogeneity in the price
coefficient and inventory effects, and they could be correlated.

■ All specifications allow unobserved heterogeneity in preferences for brand
qualities in the 2nd stage.

■ Both PC1 and PC2 do not address the initial condition problems (both
inventory and GL variables are set to zero in the first observed
purchase).

■ Set consumption rate, ri = 20, ∀i.
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■ Revealed preference data say: Huggies ≻ Pampers ≻ Store brand ≻
LUVS

■ The efficiency units (πj) also say: Huggies ≻ Pampers ≻ Store brand ≻
LUVS

■ Mean (normalized inter-purchase spells) says: Store brand ≻ LUVS ≻
Huggies ≃ Pampers

■ The difference between the rankings of πj and the normalized spell
statistics indicates the importance of controlling for consumer
heterogeneity.

■ Note that we have not controlled for initial condition problems yet.
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Initial condition problems
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■ Try to select households who are “first-time buyers.”

■ Consider a household with purchase dates: t1, t2, ..., tN .

■ A household purchase at time t1 is considered to be its first ever if

t1 > max
j=1,2,...,N−1

{tj+1 − tj}. (7)

■ PC3: Same model, but only use “first-time buyers.”

■ Sample size become 235 households.
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■ αj ’s from PC2 and PC3 are not that different.

■ Possibly, many “first-time” buyers have experiences with diapers before.

■ In our data, “Presence of children and their ages” tells us: (i) under 6
only; (ii) under 6 and 6-12; (iii) under 6 and 13-17; (iv) under 6 and
6-12 and 13-17.

■ It’s very likely that category (ii)-(iv) have experiences with diapers
before.

■ PC4: in addition to the criteria in PC3, only use category (i) households

■ The number of households in this sample becomes 131.
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■ The estimates of αj ’s are quite different between PC2 and PC4.

■ This indicates that consumer learning about brand qualities could be
going on.

■ The point estimates of πj remain quite similar across specifications –
consistent with the hypothesis that they mainly capture durability.
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■ Right now, we assume consumption rate is exogeneous. It could be a
function of Iit.

■ One could use brand-specific inventory. But this requires us to make
another assumption about how consumers choose which brand to use,
when they have multiple brands in stock.

■ Our framework could also be applied to products where consumption
rate is positively correlated quality, e.g., food, soft drinks, snacks, etc.
The implication of inter-purchase spell would be the opposite.

◆ The shorter the inter-purchase spell, the better the quality.

◆ For this type of products, it may be better to model consumption
rate to be brand-specific instead of using the efficiency unit
approach.
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■ Dynamic stockpiling models are difficult to estimate: Erdem, Imai and
Keane (2003) vs. Hendel and Nevo (2006)

■ Hendel and Nevo (2006) offers a significant computational advantage by
assuming: (i) no unobserved heterogeneity; (ii) no brand-specific
inventory effects.

■ One could use our framework to check whether these assumptions hold
in the data or not.

■ Before estimating a learning model, our approach offers a relatively low
cost check on the extent of the incomplete information.
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■ Adoption of a new technology or product often times generate a flow of
benefits over time.

■ There could also be uncertainty about how the technology might change
over time.

■ One challenge is that per period benefits are hardly observed. As a
result, one cannot measure the adoption costs/switching costs in
monetary terms.

■ Recent works: Song and Chintagunta (2003), Ryan and Tucker (2007),
Yang and Ching (2009).
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■ Consider adoption decisions of ATM cards for consumers in Italy (mainly
a cash economy).

■ Once you learn how to use ATM machines, you can enjoy its benefits
every period.

■ There is uncertainty about how many ATM machines will become
available in the future.

■ The benefits depend on consumption, income, opportunity costs of time,
and age.

■ We don’t directly observe the per period benefits of adopting ATM
cards. But we observe consumers’ usage patterns.
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■ In Italy, checking account pays interests. By observing the cash
withdrawal patterns before and after adopting an ATM card and how
much cash is needed to finance one’s consumption, we can model
consumers’ cash demand, and use the data to infer the monetary
benefits of adopting an ATM card.

■ Combining it with the dynamic model of consumer adoption decisions, it
is possible to measure the adoption costs in monetary terms.

■ The model also provides an alternative explanation about why the
elderly are reluctant to adopt new technology.
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■ Adopt an approach similar to Hendel and Nevo (2006). Assume that the
withdrawal decisions are made separated from the adoption decisions
and unobserved heterogeneity plays a secondary role.

■ One can use Heckman procedure to check whether there is still anything
selection issue left.

■ Advantage: It significantly reduces the computational costs, it can easily
incorporate observed heterogeneity in the 2nd stage (optimal withdrawal
decisions).

■ Disadvantage: Allowing for unobserved consumer heterogeneity could be
costly.
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■ To address problem (i), academic research in marketing and economics
has extended traditional static choice models to explicitly allow for
consumer learning.

■ Eckstein et al. (1988), Erdem and Keane (1996), Ackerberg (2003),
Mehta et al. (2004), Mehta et al. (2008), Crawford and Shum (2005),
Anand and Shachar (2005), Erdem, Keane and Sun (2008) explicitly
model consumers as bayesian learners, and estimate their models using
micro-level data.

■ Ching (2000), Narayanan, Manchanda, Chintagunta (2005), Ching and
Ishihara (2009a, 2009b), Ching (forthcoming) etc., also model
consumers as bayesian learners and allow for learning from others.

Consumption experience signal: qe
ijt = qj + δijt, where δijt ∼ N(0, σ2

δ ).

Expected quality: E[qj |I(t + 1)] = E[qj |I(t)] + ιej(t)(q̄
e
jt − E[qj |I(t)]).
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■ If we assume consumers are forward-looking, we face the curse of
dimensionality in the state space.

■ the complexity of the likelihood/GMM objective function makes it
difficult to search for the global maximum/minimum.

■ Some used approximation methods. Some opted to assume consumers
are myopic (e.g., Mehta et al. 2004, Mehta et al. 2008, Coscelli and
Shum 2004)

■ When estimating learning models using product level data, standard
BLP estimation method may not apply because there are two
unobserved product characteristics: (E[qj |I(t)], ξjt)
E[Uijt|I(t)] = E[qj |I(t)] + αpj + ξjt + eijt.

■ Ching (2000), Ching (2008), Ching and Ishihara (2009a, 2009b) used a
pseudo-policy approach to address this problem.
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■ Keane and Wolpin (1994) – interpolation method, needs a terminal
period, and solve the model using backward induction. Examples:
Erdem and Keane (1996), Crawford and Shum (2005), Sun (2005).

■ Rust (1997) – random grid approximation, needs the state variables to
evolve stochastically over time, applies to infinite horizon problem.
Example: Sriram et al. (forthcoming).

■ Ackerberg (2001) – makes use of importance sampling, need to allow all
parameters to be heterogeneous. Examples: Ackerberg (2003),
Hartmann (2006), Hartmann and Viard (2008), Rossi (2007).

■ Imai, Jain and Ching (2009) only applies to infinite horizon problems
(which is a good proxy for high frequency data, e.g., weekly data), but
can allow for consumer heterogeneity very flexibly.



Conclude (Other Challenges)
Reward Program IJC Algorithm Extensions Discount Factor Stockpiling PC Model Technology adoption Learning

Slide # 81

■ Hyperbolic Discounting: The discount factor for more imminent future is
larger than those for more distant future (Loewenstein and Prelec 1992,
Laibson 1997), e.g., f(t) = βδt. Laibson et al. (2007), Fang and Wang
(2008) are attacking the identification of hyperbolic discounting.
Quantitative Marketing needs to do more research in this area.

■ Consumers may not know prices (Dickson and Sawyer 1990, Vanhule
and Dreze 2001, Monroe and Lee 1999). Anderson and Simester (1998)
(2002) ran a series of field experiments to investigate this. Essentially no
dynamic structural models address this issue (see the reduced form
models by Ching, Erdem and Keane 2009a, 2009b).

■ Should take advantage of new estimation methods – more complicated
dynamic structural models can be estimated now!

■ Want to know more estimation methods? See Aguirregabiria and Mira
(forthcoming).
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