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Motivation:

Applications of Discrete Choice Dynamic
Programming (DDP) Models has been grow-
ing in economics and marketing, e.g., Er-
dem and Keane (1996), Gonul and Srini-
vasan (1996), Keane and Wolpin (1997),
Rust and Phelan (1997), Erdem, Imai, Keane
(2003), Crawford and Shum (2003), Hart-
mann (2005), Nevo and Hendel (2005).

Maximum likelihood is a common way to
estimate DDP models. However, it is hard
to implement. In particular, it is very hard
to estimate a DDP model with continuous
unobserved heterogeneities.

Bayesian Econometrics, which uses Markov
Chain Monte Carlo (MCMC) method, pro-
vides a feasible way to estimate static dis-
crete choice models with unobserved het-
erogeneity.



e Due to the computational burdens, there
has been no works on estimating a full so-
lution DDP model using bayesian econo-
metrics.

e In this research, we propose a hew MCMC
algorithm that alleviate the burden of esti-
mating stationary DDP.
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Advantages of our method:

e Applicable to general stationary DDP model.

e It estimates and solves the DDP model si-
multaneously.

e It can incorporate unobserved heterogeneities
(random coefficients).



Key features of the Bayesian DP algorithm:

Markov Chain Monte Carlo algorithm that
bases on a proxy of the value function.

Each iteration generates {0, ¢!, Vi(k, €'; 61)}.
Store Q! = {07, ¢7, VT (k,eT; 07) L,

Use Metropolis-Hastings within Gibbs to
obtain ¢!*1,

Given a draw 6%, use {VI(k,e/;07)}._; to
obtain an estimate of E[V (K, ¢€;6%)].

By iterating the Bellman equation only once
to obtain VH‘l(k:,eH‘l; HH‘l).



Framework: Suppose that the state space
is discrete, k' evolves deterministically.

o V(k,a,€,0) = R(k,a,eq;0)+BE[V (K, €;0)],
where k' = f(k,a;0); a is the action.

o V(k,e;0) = max,caV(k,a,¢€;0).

e Use contraction mapping to solve for V.
Start with an initial guess, V9. Then use
Bellman equation to update V™ recursively
until it converges.

M
Ee[Vn_l(k,,e’;H)] — M Z 1740 1(k/7€m; 0)

VT (k,e;0) =
mc.;:lx{R(k, a,€q; 0) + BE[V" (K, € 0]},
(1)

where {€"}M_, are drawn from Fc(e).

e The observed data is Yy = {k%,ad, R4}1_



The likelihood, L(Y7|0), depends on 6 and
E[V (K, .;0)]

The posterior distribution function:

PO|Y7) o< w(0)L(YT|0).

Random-walk Metropolis-Hastings algorithm.
Draw 0+1* from N(6!, W).

Accept, i.e., 'T1 = gl+1* with probability

7T(9l+1*)L(YT|9l+1*)
T (0 L(YT|6Y)

a(6', 0171 = min{ 1}

Otherwise, set 9!t1 = ¢!,



The Bayesian DP algorithm replaces the
standard dynamic programming step (1) with
the following step:

o Let @ = {07, V(e 0°)} 1y be
the history of simulated draws up to the
previous iteration [ — 1.

e For each k,a,
E [V (K, €; 6%
N(1) Kh(Ql* . Ql—n*)

Z Vl_n(k/ El—n Hl—n*)

n—1 ZN(Z)K (Ql* gl—k*\

where Kj,() is a kernel with bandwith h > 0.

e Simulate one ¢,

Vi(k, ;o) =
max{R(k, a,,; 6™) + BE[V (K, ¢;6™)|2')
a

e N(l) increases with I.



Highlights:

Computational burden of our algorithm of
each iteration is comparable to that of es-
timating a standard static discrete choice
model.

We make use of all the past iterated VI(., e 6Y)
to obtain E[V(.,¢;60)]. But the conven-
tional method simply throws away this in-
formation.



T heoretical Analysis: When S is discrete.

e T heorem 1: The sequence of approximated
value function V! converges to V in prob-
ability uniformly over (S,¢, ©).

e Theorem 2: 6! converges to the true pos-
terior distribution in probability.



Continuous observed and unobserved Het-
erogeneity (random effects)

e Suppose that there are N firms. Each firm
has different observed and unobserved het-
erogeneities.

e In Simulated ML, one needs to integrate
out the unobserved heterogeneities when
forming the likelihood.

e Suppose we make Ng draws for coefficients
with random effects. Then we need to
solve N x Ng dynamic programming prob-
lems in order to evaluate the likelihood once.

e Very high computational burden!

e Bayesian DP algorithm: The computational
burden for each iteration is similar to a
standard static random effects model.



0 = (61;,0>), where 601; is the parameters
with random effects for + = 1,..., N.

Step 1: Use Metropolis-Hastings algorithm
to draw the random effects parameter le,i —
1,....,N. Draw 611'7!'1* based on a random
walk.

Accept, i.e., 0571 = 0T with probability

m(OL DLOirlon ™, 0) |y
m (08 ) L(Y;r|64;,65)

Note that only the likelihood of firm < is
used here.

min{

Otherwise, 911',}'1 = 0.,



e Step 2: Draw 9l2+1* based on a random
walk. Accept, i.e., set 6571 = o5t1* with
probability

I+1 I+1 pl+1

m(05 ) L(Yr|0r, 057)

I+1
m(05) L(Y7l07" ™, 605)

min{

1}

where 01 = (le)fil-
e Otherwise, set 9l2+1 = 65.

e Expected value function approximation is
similar.

e But the computational burden will be sig-
nificantly higher because we need to eval-
uate the kernel N more times in each iter-
ation.



How to combine our Bayesian DP algo-
rithm with Rust’s (1997) random grid method
in continuous state space problem

e Rust (1997) proposed to use

B0V ()] = gj V(s PChls, @)
’ k=1 Zé\lep(éﬂs,a)

where {51, ...,5y} are ¢.i.d. draws w.r.t. Lebesgue
measure from S. Need to solve the Bell-
man equation for each grid point when do-

ing ML.

e In Bayesian DP algorithm, we simulate K
new grid points in each iteration. WOLG,
assume K = 1.

o Ol = {sT,eT,07*, VT (sT,€; 97*)}ZT_:IZ—N(Z)’ where

s™'s are the random grids obtained during
the estimation process.



e Simulate one €, and one s!,

Vl(Sl, El, el*) —

meazl({R(sl, a,eb; 0%) + BE, [V (s, €;0%) Q')
a Y

o By V(s ¢, 0%)Q1 is a weighted average
of {V7(s7,€; QT*)}ZT—:ll_N(l). For each 1, the
weight is

p(s7|st, a, 0%) K, (0% — 67%)
SN p(8TF|st a, 01F) K, (01 — gl—k*)

where p(.|s, a, 0) is the transition density for
the state variables.

e Number of effective grid points is N(I) K.

e One can also extend our algorithm to the
case of continuous state space with deter-
ministic transition function.



An example: A simple dynamic discrete
choice model of entry and exit (decision to ex-
port), in a perfectly competitive environment
(Roberts and Tybout (1997)).

e Two types of firms: incumbent (1) and po-
tential entrant (O).

e If the incumbent firm chooses to stay, its
per period return is,

Ry n(kt, €4;0) = aky + €1,
where k; is the capital of the firm.

e If it chooses to exit, its per period return
IS,

Ry our(et; 0) = 0z + eoy,
where 4, is the exit value to the firm.

e If the potential entrant chooses to enter,
its per period return is,

Ro in(€14,0) = —be + €14,



If it stays out, its per period return is,
Ro our(eat, 0) = eoy,

Assume the random component of the cur-
rent period returns to be z.2.d. normal,

€t~ N(O7 Ol)

If k¢ > 0,

Inki4q1 = b1 + bolnks + up4q.
If k; = O (for potential entrants),

lnkt_|_1 — be —|— ut_|_1.

ug ~ N(O7 Ou)a



e [ he value function of the incumbent:

Vi(k,e;0) = max{Vy in(k, € 0), Vi our(k, e 0)}

where

Viour(k,€;0) = Ry our(e; 0) + BE[VI(€; 0)],
Viin(k,€,0) = Ry n(k,e1;0) + BE[V(K, €; )]

e [ he value function of the potential entrant:

Vo(e; 0) = max{Vp 1n(€; 0), Vi our(e; 0)}

where

Vo.in(€e;0) = Ro n(e1;0) + BE[Vi(K', € )]
Vo.our(k,€;0) = Ro our(e2; 0) + BE[Vo(€'; 0)]

e Data: {k¢,R%, ad,}, for i = 1,..,Ny, t =
1,...,7T. 1 indexes firms, t indexes time.

e Observe R¢, only if firms stay in.



e Use Gaussian kernel:

Kp(0° — 67) =

L S
(2m) L2 1] h;lea:p[—l(e Loy

=1
and use our new step to obtain,

BV (K, ;0%

N(s) K (93 . Qs—n)
— Vs—n(k/7 63—717 Qs—n) h
P Sl K (81 — 65—F)

Now substitute E.(.,.;0%) into the bellman
equations above. Then evaluate the value
functions at €* and 6° to obtain V2(., €%, 6°),
for I € {I,0}.

e Note that k' is stochastic. We integrate
out the value function over the capital shock
using Rust’'s(1997) random grid integra-
tion method.

e Now we have (V{2(., €% 0%),¢€%,0%).



Example: A Dynamic Model of Entry and Exit

e One firm — either an incumbent (1) or an entrant (O)

e Choices — Stay or Enter (IN) and exit or stay out
(Out)

Per period return function of the incumbent
Ry in(Ki, &,0) = oK + &;
Ry out (Kt &, 60) =&

&t ~ N(O,af): I.i.d normal



Per period return function of potential entrant
Ro,in (K¢, &, 0) =—0g + &
Roout (Kt &,0) =&y
Evolution of capital stock
e |f the incumbent stays:
INKy =b + by InK; + U4
u ~N(0,0o,)

e |f the incumbent exits, or the entrant stays out, its
capital stock is O.

e [f the firm enters, its initial capital stock is.
In Ky = be T U

Ut ~ N(O,Ju)



Value of being in

Vi (Kt &,0)

= Max{ RN (Kis &6, 0) + PE V) (K, &40, 01 Ky),
R, out (K¢, &1, 0) + BEa Vo (Kiig, 641,01 Kp) 3

Value of being out

Vo (Kt &.0)

= Max{ Rg |y (K, &1, 0) + BE4 V) (K1, 641, 01 Kp),

Roout (Kt &1, 0) + PE Vo (Kiyr, 641,01 Ky ) 3



Estimating With Maximum Likelihood Method

e Steps for Solving the DP Problem

Start with initial guess of the expected value
functions: M Rust random Grid points.

EV(Kp.660)=0,m=012,.,M

Step 1: Draw g

Derive V; (Kp, &', 6), Vo (Km,&',0)

Step 2: Repeat step 1 for | =1,2,..., Ltimes to derive
the expected value function.

EV, (K, &0)= zv, (K& ,6)

Step 3: Repeat Step 1 and Step 2 to derive

EV, (K, & 6) for each capital grid point,
m=012,.,M.



e Repeat the iteration until convergence. That is,
maX| ‘EgVS(K| y &y 9)— E&‘VS+1(K| y &y 9)‘ <0

for some small 6 >0



e Steps for Estimating with Maximum Likelihood

Step 1: Given H(S), solve the DP problem and derive the
expected value function E_V (K,g, 9(3))

Step 2: Given 8 and E.V (K,g, H(S)], derive the log

likelihood based on the probability of entry and exit.

(s+1)

Step 3: Get another parameter 6 , repeat Step 1 and 2.

Repeat Steps 1, 2, 3 until you find parameters that
maximize the likelihood.



Computational Burden

Burden 1: For each possible state space point (capital
stock K,,,m=0,12,..., M, and the simulated errors

gl,..., gL), we solve for the value function, to derive the

expected value function EV ().

Burden 2: The above calculation of the expected value

function has to be repeated many times (30-50 times, or
even more) until the DP algorithm converges. Only then
we can form the log likelihood.

Burden 3:During the maximum likelihood routine,
whenever we have a new parameter value, we have to do
all those steps over again to derive the new likelihood.



Bayesian DP Estimation Algorithm

Prior:
Exit value: exit ~ N(Jy, Agl)
Entry cost: enter ~ N(Sg, AZY)

Precision of shocks

slzh(91 ~ ;(2(1/1), S,?h,7 ~ ;(2(1/,7), n=¢&—&
safy ~ 2° ()
Profit function coefficient: a ~ N(a, A%
Capital coefficients: by ~ N (by, A,

b, ~ N(ba, Ay))

be ~ N (be, A)



Calculate the expected value function.

Here, simple Rust (1997) Random grids.

=0, [Vr (K'(K, 0,609 & 9(5))| Q(s)]

= 3 EO U (K0T (€ 1K, 09)

m=1

ESNV (K 6,6

s-1 |1 M . . . .
_ (J) (1) () o W6
AL (Kmoa?,60,0 )}NJ

J=5-1-N(s) =1
K, (9(5) _ 9(]))
s-1

3 K., (9(3) _ 9(]))
J=5-1-N(s)

Wj(s) _

M is set to be 20. N(s) increases to 2000 at iteration
10,000.



At Iteration s, given 6 Calculate

e Value of being in at the beginning of period t

=V (K e®,07) m=1..,M

e Value of being out at the beginning of period t
V8 (K, 6®,6) m=1,.,M

Notice parameters change over iterations.

Deterministic values of staying in and out

If the firm Is an incumbent:

Viun (K, 69 )= 9K + EVIO (K, 6,61)

Vi ouT (Kt’ ‘9(8)): 5 + FEVEY (0,561

10



If the firm is a potential entrant:

Von (Kt 6% ): ~02) + FEVON (K, £,61))

Voour (K0 )= AEVE (0,6,69)

MCMC Hastings-Metropolis algorithm

As discussed above, we adopt the random walk H-M
algorithm with the errors being normal, i.e. for each
element of the parameter vector:

05 =69 + &Y, ¢ ~N(0,0¢), oy =0.004

11



ESTIMATION RESULTS

We simulate samples based on the solution of the
dynamic model.

We then estimate back the parameters of the model.

True parameters of the simulation:

6 =0.4, 0, =0.3,0,=0.3
a =0.1,b =00,b,=04,b, =05, o, =0.4,
B =0.98

We estimate 9 parameters:
Og, 01, 05, &, by, by, by, o

In Bayesian DP estimation, initial guess of the
Expected value function is set to be zero. That is,

EVOK,.,&609)=0 for m=1,..,.M

12



Priors:

e Entry-exit parameters: uninformative prior

o, =0.4, A =0.0 (inverse of std. error)

e Precision of shocks
2 2
SNy ~ 2" (V)

()" =04, v, =10

2 2 A
syhy ~ 2°(vy), (5;) =032, v, =10

—1/2
ﬁhu ~ 7% (vy) ‘S&) =04, v, =10

13



e Profit function coefficient:

o . noninformative prior

e Capital coefficients:
b,,b,, b, :noninformative prior.

Experiment 1:

e Starting values of the parameters are set to be the
true value.

e 10,000 iterations

14



Table 1: Posterior Means and Standard Errors
(Rust random grids with 200 grid points)
(Calculated using 5001-10000" iteration)

Parameter Estimate Estimate True

§E (entry cost) 0.3786 (0.0275) 0.3861 (0.0179) 0.4

o (capital coef.) 0.1002 (0.0061) |0.0995 (0.0040) |0.1

o1 (profit shock) 0.2983 (0.0072) |0.2983 (0.0048) |0.3

0, (choice shock) 0.3076 (0.0194) |0.3039 (0.0156) |0.3
bl(capital transit.) |0.0018 (0.0121) |0.0011 (0.0076) |0.0
bz(capital transit.) |0.4012 (0.0246) |0.4027 (0.0153) |0.4

be (capital transit.) | 0.4737 (0.0246) 0.4903 (0.0156) |0.5

o, (capital trans.) |0.4012 (0.0077) |0.3976 (0.0048) |0.4
Sample size 2,000 5,000 2800 MHz
CPU time 6 min. 29 sec. 10 min. 56 sec. 1.03GBytes

15



Parameter Estimate True

O (entry cost) 0.3991 (0.0126) 0.4

« (capital coef.) 0.1004 (0.0028) 0.1

o1 (profit shock) 0.2994 (0.0034) 0.3

o, (choice shock) |0.3056 (0.0108) 0.3

b, (capital transit.) |-0.0006 (0.0055) 0.0

b, (capital transit.) |0.4033 (0.0110) 0.4

b, (capital transit.) |0.5033 (0.0110) 0.5

o, (capital trans.) 0.3987 (0.0034) 0.4
Sample size 10,000 2800 MHz
CPU time 19 min. 32 sec. 1.03GBytes

The results are the average over 10 simulation/estimation

trials

16



Main Points
e Posterior mean Is very close to the true value.

e Both bias and std. errors decrease with sample
size.

e The computational speed is on the order of the
estimation of static models.

17



e Experiment 2: Same as Experiment 1 except

initial value of the parameter estimate §° is set
to be half of the true value.

Table 2: Posterior Means and Standard Errors

Parameter |Estimate True value
O 0.3955 (0.0090) 0.4

o 0.1001 (0.0027) 0.1

oz} 0.3001 (0.0035) 0.3

o, 0.3004 (0.0191) 0.3

b, -0.0005 (0.0103) |0.0

b, 0.4031 (0.0062) 0.4

b, 0.5032 (0.0060) 0.5

o 0.3987 (0.0022) 0.4
Sample size | 10,000 2800 MHz
CPU time |19 min. 08 sec. 1.03GBytes

The results are the average over 10
simulation/estimation trials

18



The results and the Gibbs sampler output are very
similar to those of experiment 1.

Bayesian DP algorithm is shown to be robust to
the starting values of the parameters.

19



Experiment 3: Same as Experiment 1, but we
Introduce random effects heterogeneity into the
profit coefficient «, and observed heterogeneity.

aj ~ N(u,7%)

. Continuous observed covariate affecting capital
transition.



Expected value calculation:

ENVr (K 65, o) )=

s—1 | 1 M . |
(J) (J) (J) J) (J) (s)
> { v (Kmoa?,68), 00,0 )JA/J

J=max{s—1-N(s)1} | =

o (9(5) 0 K (@) — )
) _
" K0 (0 - 0 K (&) — o)

This is computationally burdensome because the
nonparametric kernel smoothing has to be done for
each firm.

J= max{s—l—N (s)1}

Sample: 100 firms for 100 periods (10,000)

Initial conditions problem is dealt with by simulating
the model for 20 initial periods until steady state is
achieved for each firm.

21



Parameter Random Effects True

Og (entry cost) 0.3964 (0.0163) 0.4

w (capital coef.) 0.1976 (0.0104) 0.2

7 (capital coef.) 0.1010 (0.0075) 0.1

o1 (profit shock) 0.3018 (0.0029) 0.3

o, (choice shock) |0.3019 (0.0130) 0.3

b, (capital transit.) |0.0998 (0.0049) 0.1

b, (capital transit.) |0.3973 (0.0093) 0.4

b, 0.4969 (0.0129) 0.5

o, (capital trans.) | 0.4004 (0.0031) 0.4
Sample size 100x100 2800 MHz
CPU time 4hr. 2min. 1sec. 1.03GBytes

22



Bayesian DP Estimation Results
e Posterior mean is very close to the true value.
Simulated ML with 100 simulation size:

e Step 1: For each firm, solve the DP problem and
evaluate the likelihood with different parameters

a™ ~ N(u, %) for m=1,...100
e Step 2: Take the average of the likelihood.

e Step 3: Repeat Step 1 and Step 2 for each of the
100 firms.

For each simulated likelihood calculation, you
need to solve the DP problem 10,000 times!

Example in an earlier draft: A single ML iteration
(evaluation of the likelihood and the numerical
derivative w.r.t. parameters: 11 likelihood
evaluations): 6 hrs. 20 min.

23



Bayesian DP algorithm : 6,744 iterations in 6 hrs. 20

min.

would have already converged.

Full Solution based Bayesian estimation.

With 1000 simulation used in integration of shocks
per state: It would take more than a week.

With 100 simulation used.

Parameter Random Effects True

Og (entry cost) 0.4021 (0.0187) 0.4

u (capital coef.) 0.2005 (0.0108) 0.2

7 (capital coef.) 0.1043 (0.0075) 0.1

o1 (profit shock) 0.3005 (0.0031) 0.3

o, (choice shock) |0.3099 (0.0156) 0.3

b, (capital transit.) |0.0997 (0.0050) 0.1

b, (capital transit.) |0.3993 (0.0098) 0.4

b, 0.4899 (0.0141) 0.5

o, (capital trans.) | 0.4009 (0.0032) 0.4
Sample size 100x100 2800 MHz
CPU time 33 hr. 32min. 9sec. |1.03GBytes
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Continuous State Space with Deterministic
Transition

Rust random grid method does not work because the
capital transition is deterministic.

We use kernel methods to derive the value function
over a continuum of state space.

By increasing the estimation iteration, we can make
the number of grid points arbitrarily large by

Increasing the number of iterations, even though the
number of grid points per iteration remains to be 10.

Modified model:

If the firm stays: K., = K;

If the firm enters: In(K,,;)=b; + U4,
U1 ~ N(0,0y)

25



Formula for the expected value function:
E Vi (Ko 6%

s—1 Mk | 1 M

. . .
— ) S_lz_N(S) mz_iM I_lv(J)(Km"ﬁ(J)’Q(J)’Q(J))}Nj(r;)
W KhK (K (s) _ Kr(nj))<h9 (9(8) _ 9(]))
jm s—1 Mk

2 2 K Ky,
J=max{s—1-N(s),1} m=1

Kernel over parameters and state variables.
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Parameter Infinite Random | True
Grids

Og (entry cost) 0.1891 (0.0123) |0.2

a (capital coef.) 0.2044 (0.0048) |0.2

o1 (profit shock) 0.3956 (0.0051) |0.4

o5 (choice shock) |0.3993 (0.0134) |0.4

b, (capital transit.) |0.1996 (0.0047) 0.2

o, (capital trans.) |0.2017 (0.0030) |0.2

Sample size 10,000 2800 MHz

CPU time 48 min. 50 sec. 1.03GByt
es

The results are the average over 10 simulation/estimation

trials

10 grid points per iteration.

Original DP problem had 2000 grid points for

capital.
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Conclusions and Future Research:

e \We develop a Bayesian Estimation method for
Dynamic Discrete Choice models where we
solve for the Dynamic Programming problem
and estimate the parameters at the same time.

e Since we solve the Dynamic problem and
estimate parameters at the same time, the
computational burden of the exercise is
essentially of the same order of magnitude as
estimating static models.
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e Application 1 (Models with random effects and
other heterogeneities)

Our estimation framework allows for much richer
heterogeneity (parameters varying with firm size,
location, etc for 1.0., see Osborne (2006)).

e Application 2 (Continuous Choice Models)

Imal, Jain and Katayama are now developing
similar full solution based Bayesian estimation
algorithm for continuous choice models
(Consumption, labor supply choice, etc.)

e Application 3 (Overcoming Curse of
Dimensionality in the Parameter Space)

Develop similar full solution based Bayesian
estimation algorithm where only a small number
of parameters are iterated at one Bayesian DP
algorithm. Ferrall, Imai, Jain

29



o Application 4 (Equilibrium models)
Develop an estimation method that solved the
DP model, computes the equilibrium, and
estimates parameters all simultaneously and not
subsequently. During each solution/estimation
step, each of the above 3 algorithms are done

only once.
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The Point of the Paper

Suppose you have a very complicated model that
Is computationally hard to solve (equilibrium
models, dynamic programming models, etc. that
Involve fixed point algorithms, etc.)

Suppose you can do the following.
1) Decompose the solution algorithm into
small steps that are repeated until

convergence.

2) Combine the single solution step with the

single MCMC estimation step into a single

Iteration step.

Then, the estimation of the model becomes
computationally feasible.
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Why does it become feasible?

¢ In standard estimation algorithm, (for example,
MCMC), when you iterate 10,000 times, people
throw away all the computations until 9999
Iterations except for the parameters (or the
likelihood, Jacobian or Hessian of iteration
9999)

e \We utilize all the computations obtained until
9999 iterations for model solutions and other
purposes: Those can be reused at very small
additional computational cost.
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