Unemployment Insurance with Hidden Savings

Matthew Mitchell*and Yuzhe Zhang!

October 22, 2007

Abstract

This paper studies the design of unemployment insurance when neither the
searching effort nor the savings of an unemployed agent can be monitored by the
principal. If the principal could monitor the savings, then the optimal unem-
ployment insurance would leave the agent savings-constrained and therefore could
not be implemented with hidden savings. With a constant absolute risk-aversion
(CARA) utility function, we obtain a closed form solution of the optimal contract.
Under the optimal contract, the agent is neither saving nor borrowing constrained.
Counter intuitively, his consumption declines faster than implied by Hopenhayn
and Nicolini (1997). We also show that, an increasing benefit during unemploy-

ment and a constant tax during employment implement the efficient allocation.
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1 Introduction

Unemployment insurance must balance the benefits of insurance against the concern
that a too-generous program will discourage search effort. Card, Chetty, and Weber
(2007) provide evidence that search effort varies according to an agent’s financial situa-
tion. They find that exogenously richer agents take longer to find a job but do not find
higher wages on their next job. In other words, it seems that wealth is one important
determinant in the search effort decision.

Since neither search effort nor wealth are readily observable to the planner (the prin-
cipal), it is natural to wonder how these information frictions might affect the optimal
unemployment system. We introduce hidden savings into an environment similar to the
Hopenhayn and Nicolini (1997) version of the model of Shavell and Weiss (1979). We
show that the addition of hidden savings leads to faster consumption declines during
an unemployment spell than the declines in a model with observable savings. More-
over, with hidden savings, agents with relatively high initial insurance claims have the
fastest rate of consumption decline, eventually having lower claims than those agents
who started out receiving less. We measure the amount of subsidy that results from
remaining unemployed and show that the subsidy rises over the course of the spell.

Hidden savings is naturally relevant in repeated moral hazard models like this one.
When savings can be monitored, as in Hopenhayn and Nicolini (1997) or the repeated
moral hazard model of Rogerson (1985), the optimal policy leaves the agent savings-
constrained: his marginal utility is lower today than tomorrow. By making an agent
poor in the future, it encourages the agent to search harder for a job.

Our paper is related to both Werning (2001, 2002) and Abraham and Pavoni (2004),
who use the first-order condition approach to study models with hidden savings and
borrowing. Briefly speaking, the first-order approach studies a relaxed problem, which
replaces the incentive constraints in the original problem with some first-order conditions
of the agent. In these papers, the first-order condition for the type that has never

deviated in previous periods and thus has zero hidden wealth is imposed.



Werning (2001) acknowledges that imposing first-order conditions may not be suf-
ficient to ensure incentive compatibility. Furthermore, Kocherlakota (2004) shows that
when the disutility function is linear, the agent’s problem is severely non-convex and the
first-order condition cannot be sufficient.! When the first-order approach is invalid, to
solve the problem recursively, the number of state variables would be infinite, making
even numerical computations intractable. We overcome this problem by focusing on a
special case of constant absolute risk-aversion (CARA) utilities and linear disutilities.
In this case we conjecture and verify the countable set of constraints that bind. With
this in hand, it is straightforward to explicitly solve for the principal’s optimum. It has
the interesting feature that the incentive constraints of the searching agent never bind.
Instead, the binding incentive constraint in any period is the one for the agent who has
always shirked, and meanwhile saved.

The basic intuition for this structure of binding incentive constraints relates to the
way in which shirking and saving interact. When an agent shirks, he increases the odds of
continuing to be unemployed. The unemployed state involves lower consumption, so he
wants to save in preparation for the greater probability of this low outcome. The agent
who saves the most is the one who has always done maximum shirking, and who knew
he would never become employed. Given that he has saved the most, he is best equipped
to do additional shirking, which is, again, complementary with saving. This example
shows, in two ways, the sense in which the first-order approach is not appropriate for this
kind of problem: First, the complementarity between shirking and saving can make the
first-order condition for effort insufficient for optimality, and second, since the binding
incentive constraint is not for the agent who always searches, it is not enough to look at
the always-searching agent’s optimality condition in the first place.

The contract we study always implements, at an optimum, a one-time lottery over

always searching as hard as possible, or always searching the least, which we refer to as

!The first-order approach remains a practical and useful method to solve hidden savings problems
when the disutility function is sufficiently convex. In particular, Werning numerically verifies the
incentive compatibility of the solution obtained with the first-order approach for a large range of convex

disutility functions.



not searching. The interesting case is when the agent searches. The reason for keeping
the agent on the Euler equation in this case relates to the savings-constrained nature of
the optimal contract in Hopenhayn and Nicolini (1997). There, making the agent poor
in the future generates incentives to search today. When the agent can freely save, it
is no longer possible to keep the marginal utility of consumption high tomorrow, but
there is still no reason to make it fall over time. In that case, the same logic as in the
case with observable savings would suggest lowering today’s marginal utility and raising
tomorrow’s in order to increase search incentives today and make the contract deliver
utility more efficiently. As a result, the agent is on the Euler equation. As a corollary,
our solution would also be the solution to a case where the agent had access to both
hidden borrowing and hidden savings.

In the state-of-the-art model of optimal unemployment insurance in Shimer and
Werning (2005), the focus is on the wage-draw aspect of the Shavell and Weiss (1979)
structure.? The fundamental trade-off is between search time and quality of match (in
terms of wages). They find that the optimal contract has constant benefits (for CARA
utility, and approximately so for constant relative risk-aversion (CRRA) utility), and
keeps the agent on the Euler equation. The reason their agents are not borrowing-
constrained is different from ours, however. In the CARA model, the agent’s reservation
wage is independent of wealth; therefore, there is no incentive benefit from distorting
the first-order condition, and there is the usual resource cost to the principal from the
distortion. In that sense their model has no “wealth effects” of the kind emphasized
by Card, Chetty, and Weber (2007). Our model, on the other hand, does have wealth
effects; richer agents have less incentive to give effort than poorer agents. Hopenhayn
and Nicolini (1997) show that there is an incentive benefit in making the agent savings-

constrained; in our model such a constraint is impossible, so the optimal contract moves

2Tt is worth noting that empirical evidence in favor of both the wage-draw view and the search
theoretic view of unemployment exists. We have stressed the evidence, such as Card, Chetty, and
Weber (2007), that emphasizes search. However, recent research suggests that actual time used in
search by the unemployed is very small, suggesting that compensating the disutility of search may not

be as important a feature of unemployment systems.



to the Euler equation.

The case where search effort is a monetary cost and utility is CARA is studied
in Werning (2001). Monetary search cost implies that poor agents have no greater
incentives than rich agents, since the cost and benefit of search are both proportional to
wealth. The main insight of this model is similar to Shimer and Werning (2005): agents
are not borrowing-constrained and a constant benefit sequence is needed to implement
the optimal allocation.

Our results contrast with Kocherlakota (2004), who studies a version of Hopenhayn
and Nicolini (1997) with hidden savings, and finds that agents are borrowing-constrained
in the optimal contract. Moreover, he finds that the consumption sequence of agents is
constant while they are unemployed and jumps to a higher, constant level when they are
employed. A key difference between our problem and the one that Kocherlakota (2004)
studies is that he focuses on interior effort levels, while our optimal contract does not
implement interior effort levels.

The paper proceeds as follows. In the next section we introduce the basic model. In
Section 3 we show that the optimal contract either implements high effort forever or no
effort forever. In Section 4 we solve for the optimal contract to implement high effort.
In Section 5 we show the important characteristics of the optimal contract, and compare
them to the case without hidden savings. We then conclude. All proofs are contained

in the Appendix.

2 The Problem

In this section we describe an unemployment insurance model in the spirit of Shavell
and Weiss (1979). There is a risk-neutral principal and a risk-averse agent. The prefer-

ences of the agent are
E'Zﬁt [U(Ct) - at] )
t=0

where ¢; and a; € [0, 1] are consumption and search effort at time ¢, u(c) = — exp(—~yc)

is a constant absolute risk-aversion (CARA) utility function, 8 < 1 is the discount



factor, and FE is the expectations operator. An agent can be employed or unemployed;
he begins life unemployed. The choice of a; affects the probability of becoming employed
for an unemployed agent. Specifically, if an agent is unemployed in period ¢, then the
probability of his becoming employed in period ¢ + 1 is ma;, and the probability of his
staying unemployed is 1 —ma;. We assume 7 € (0, 1), which implies that the agent might
not find a job even if he exerts full effort.® If an agent is employed in period ¢, he stays
employed in period ¢t 4+ 1 with probability one. Thus, being employed is an absorbing
state.

The agent’s employment status is observable to others, but his choice of a; is un-
observable. As well, the agent can secretly hold a non-negative amount of assets. The
principal can observe neither the consumption nor the savings of the agent. A contract o
in this environment specifies three sequences of real numbers, ({cV}52, {cF 122, {a:}22,).
Given such a contract, an agent who is unemployed in period ¢ receives compensation ¢V
from the principal. If an agent became employed for the first time in period ¢, then his
compensation from the principal in period s > ¢ is ¢®. Thus, once an agent is employed,
his compensation is constant over time. It is simple to show that, because the principal
and agent have the same discount factor, this smooth compensation is efficient in this
economy, so, to save on notation, we impose that feature now. The contract will also
recommend an effort level a;, and, given that the principal cannot observe a;, a; will be
designed to satisfy incentive constraints. To simplify notation, we will let U; = —u(c?)
and E; = —u(cF). Notice that U; and E, are proportional to the marginal utility of
consumption, where the constant of proportionality is 7.

Without loss of generality, we require that there be no incentive for the agent to

save if he follows the recommended strategy {a;};2,. This is true if and only if all the

first-order conditions are satisfied,
Ut Z (atW)Et+1 + (1 — atW)Ut+1, for all ¢ Z 0. (].)

We refer to this condition as the Euler equation. Note that once the agent chooses a

31f full effort led to sure employment, the principal could simply recommend full effort and promise

grave punishment if a job were not found.



different search effort a; # a;, equation (1) may be violated, and the agent holds positive
assets.

In the literature, a deviation on effort combined with hidden savings is called a joint
deviation by the agent. Hidden savings is an additional friction that makes the contract
more difficult to solve than a traditional dynamic contracting problem without hidden
savings or borrowing, since it adds a constraint to the problem of the principal. We
therefore must introduce some notation to describe all the incentive constraints.

We must consider a variety of possible deviations. For instance, suppose {a;}2, is
the agent’s search strategy. If there is a finite ¢, such that a, = a;, Vt > ¢, then {a,}2,
is called a finite-deviation strategy. Otherwise it is called an infinite-deviation strategy.
Let V({a;}2,) be an agent’s ex ante utility if he uses strategy {a;};2, and privately

saves. The incentive compatibility (I.C.) constraints will be written as

V{a}Ze) 2 V({a}iZo), for all {a.};2,. (2)

However, in much of the following discussion, we will discuss only incentive constraints
for finite-deviation strategies. This is without loss of generality, since the payoff of an
infinite-deviation strategy can be approximated arbitrarily closely by those of finite-
deviation strategies.

Let D; denote the discounted (to period 0) disutility of efforts {as}$2, conditional on
not finding a job at the beginning of period t,

D, = Zﬁs(ﬂz;}t(l — aT))as.

This can be generated recursively by D; = (a; + (1 — a;m) Dyy1; Do would be the total
discounted disutility for an agent. Since disutility is linear and one unit of labor is
compensated with frw/(1 — ) units of wage income, SrwDy/(1 — ) is the expected
wage income that the principal can obtain. The expected cost for the principal is equal
to the discounted value of consumption goods delivered to the agent, minus the expected

wage income,

> ck } _ Brw D,
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The problem of the principal is to choose a contract ¢ to minimize C(o), subject to
the I.C. constraints (2), the Euler equation (1), and the delivery of some level of initial

promised utility V.

3 Optimal Effort

In this section we take up the question of what levels of effort the principal will
implement. We show that the principal can do best by offering an initial lottery over
full effort forever (a; = 1,Vt > 0 is denoted by {1}7°,), or no effort forever (a; = 0,Vt > 0
is denoted by {0}°,). Along the way we show that, at the optimal recommended effort
level, the agent is always on the Euler equation; in other words, equation (1) holds
with equality. Thus, no shirkers will be borrowing-constrained, since their efforts are
below the maximum, implying that they have incentives to hold a positive amount of
savings. This result is relevant for two reasons. First, it helps us with the analysis of
the next section; second, it shows that our results for the model with hidden savings
carry over to the case where the agent has access to opportunities for both hidden saving
and borrowing. The ability of the principal to make the agent borrowing-constrained is
never used.

We first show that in any period where either full effort or no effort is implemented,

the Euler equation holds with equality.
Lemma 1 Let o be an optimal contract. If a; € {0,1}, then
Ut == CLtTFEH_l + (]. — CLtT(')UH_l. (3)

When a; = 0, the result is simple; there is no reason not to let U, = Uy = Eyy1, since
there is no effort to induce. The more interesting case is that of a;, = 1. For an agent
with no hidden wealth, the benefit of eliminating the borrowing constraint is analogous
to the “inverse Euler equation” logic of Hopenhayn and Nicolini (1997) and Rogerson
(1985): by moving consumption from ¢ + 1 to ¢ (and thereby raising marginal utility

tomorrow relative to today), the incentive to give effort rises, since greater marginal



utility tomorrow makes finding a job more beneficial. In the CARA case, for an agent
with no hidden savings, the algebra is especially simple: the marginal benefit of effort
is proportional to fm(—Fyy1 + Uyyq), so if the principal reduces consumption tomorrow
uniformly by ¢ and raises it today by € < (34, leaving unchanged the utility for the agent
who chooses the recommended effort (a; = 1), the marginal benefit of effort increases
by a factor of e?. Of course, in addition, the principal saves resources for the given level
of delivered utility by reducing the intertemporal distortion.

The lemma must also consider whether smoothing consumption for the agent with no
hidden wealth would violate incentive constraint for agents with hidden savings. In that
case, consider a plan of some level of period ¢ hidden wealth s;_; /3, an action in period
t denoted a;, and a level of wealth in period t 4+ 1, s;/3. The proof of the lemma shows
that the proposed modification to the contract reduces the payoff to all combinations of
si—1/0, as, and s;/[3.

To see the logic, consider first an agent with s,/ > 0. Since this agent is already
on the Euler equation, he must be made worse off by receiving less expected discounted
resources. On the other hand, consider an agent with hidden savings at ¢ who saves
nothing for ¢+ 1. This agent consumes the entire allocation ¢V in period ¢, plus his wealth
$¢—1/[; from period ¢t + 1 onward, he is just like the agent who works the recommended
amount. As a result, this agent gains less from the proposed change; his marginal utility
in period ¢ is lower than the agent who starts with no hidden wealth, and therefore he
benefits less from moving consumption forward from ¢ + 1 to t.

Next, we introduce a result from Kocherlakota (2004), that with linear disutility,

interior effort can only be implemented when the agent is borrowing-constrained:

Lemma 2 (Kocherlakota (2004)) Let o be an incentive compatible contract. If a; €
(0, 1), then Ut > atﬂ-EtJrl -+ (1 — at7T>Ut+1.

A key feature of the linear disutility model is that, for any consumption sequence
across states and dates, the agent is indifferent between all effort levels. Intuitively,

linear disutility makes the model analogous to the case of effort being either zero or



one, and a; € (0, 1) representing a mixed strategy. With the opportunity to also save,
the agent has a further option: shirk and save. This option is attractive unless the
contract makes saving unattractive by making the marginal utility high today. With
observable savings, the agent’s value function is linear in a;, since the disutility function
is linear. However, with hidden savings, when the agent is on the Euler equation,
there is a second-order effect. Whenever the agent lowers a;, he would save to smooth
consumption, which makes the value function convex in a;. This second-order effect
cannot be made unprofitable when the agent is on the Euler equation.

A closely related feature in the linear disutility model is that implementing inte-
rior effort implies that, for the given consumption sequence, the principal is indifferent
between implementing any level of effort a. So, starting from a; € (0,1) and fixing
consumption across states, the principal (and the agent) should be willing to replace the
recommended a; with a; = 1. Since the agent is borrowing-constrained at a; < 1, he is
further borrowing-constrained at a; = 1 (since his expected marginal utility of consump-
tion tomorrow is lower when he searches harder). The principal then has a profitable
sort of double deviation: move to a; = 1 and adjust the consumption sequence to return
the agent to the Euler equation. This must make the principal strictly better off by the

line of argument in Lemma 1. We therefore have
Corollary 1 [t is never optimal for the principal to implement interior effort a; € (0,1).

At this point we know that any optimal effort sequence uses only ones and zeros.
However, it turns out that the principal would always prefer to implement a lottery over
a sequence of all ones and all zeros rather than implement a sequence that contains both

ones and zeros.

Lemma 3 Any sequence of effort levels {a;}°, where a; = 0 for some t and ay =1 for
some t' is dominated by a simple lottery with two outcomes: either {1}2,, or with the

complementary probability, {0}2,.

For instance, consider the sequence {a;}°, = (0,1,1,1,...). Alternately, the principal

could make the agent search hard immediately, with probability (3, and let the agent
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rest forever with probability 1 — §. If savings were observed, the outcome would be
no better or worse for both principal and agent. However, by choosing the lottery, the
principal eliminates the possibility of hidden savings before search begins in period t = 1,
which is possible under the sequence that starts with a period of zero effort. Eliminating
this possibility eliminates a profitable deviation for the agent, and is therefore beneficial
for the principal. More generally, the proof shows that periods where the agent is not
searching are costly because of the hidden savings possibilities they generate.

We are now ready to state the main result of this section, which gathers the previous
results. It states that whenever the principal implements any effort, he implements high

effort forever.

Proposition 1 Suppose the principal has access to a one-time lottery before time 0.
For any outcome of the lottery where a; > 0 for any t, the principal implements a; = 1

for allt > 0. Moreover, Uy = wFEy 1 + (1 — m)Upyq.

A useful point is that, the incentive to save for a shirker is always greater than it is
for an agent searching hard, so the FEuler equation also holds with equality for shirkers.
In the next section we take up the issue of how to implement full effort forever. The

Euler equation will be an aid in tackling that problem.

4 Implementing Full Effort Forever
We now focus on the problem of implementing full effort forever,

min Clo 4
(V)32 el Y5, () (4)
st Up=mEy+ (1= 1)U,
V=V{1}2),

V{1}Z0) = V({ai}2), for all {a}2,. (5)

We solve problem (4) in two steps. First, we use the CARA assumption to solve the

shirker’s problem in closed form; that is, for any sequence {a, }, we compute the expected
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discounted utility V' ({a:}:°,) for that plan after optimally undertaking hidden saving.
Second, we conjecture that the binding incentive constraints are for agents who shirk
up to t (as = 0, for all 0 < s < ¢t — 1), and search hard thereafter (as = 1, for all
s > t). These agents are referred to as the all-shirking-up-to-t types. We solve a relaxed
problem where we impose only the incentive constraints for those deviations, and show

that the solution satisfies equation (5) and is therefore a solution to the full problem (4).

4.1 Utility after deviation

Suppose an agent chooses a finite deviation strategy {a;}°,, and engages in hidden
saving. In general, such a problem is intractable. However, with the CARA utility

assumption, we can solve that problem in closed form:

Lemma 4 Suppose an agent chooses actions {a,}:°,, where a; = 1, for allt > t. Then

the agent’s discounted utility from consumption after hidden saving is

MTﬁdwEﬁ%l—%ﬂUﬁﬁdey+O—&ﬂﬂE%[mMpﬂEﬁﬂl—ﬁqﬂUyu

1] B]

1-p
4.2 Showing which constraints bind: a relaxed problem

We conjecture that the binding constraints are the ones for all-shirking-up-to-t types.
The intuition comes from the fact that shirking and saving are complements, so that
shirking at time ¢ is best combined with prior saving. Prior saving, in turn, is most
valuable when shirking guarantees that employment will not occur.

To show that these constraints are in fact the relevant ones, consider the relaxed

problem
min  C(0) (6)
st Uy=mE+ (1 —mUyy, forallt >0, (7)
_ U, 1
V= (8)

1-8 1-p(1—7n)
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(oo
1-3 1-80—-n)

First, we show in the relaxed problem that all the I.C. constraints bind.

V>-

, for all t > 1. 9)

Lemma 5 In the optimal solution to problem (6), all the I.C. constraints bind.

The relaxed problem has an equal number of variables and constraints; however, to
understand why all the constraints bind, it is useful to explain the intuition that these
constraints are independent. With change of variables z; = ¢V | — ¥ = log(U,/U;_1) /7,

the constraints in equation (9) can be rewritten as

t s 1 [/ 6t 1 > 1
;6%:;@ <_v_—1—6(1—7r)) - o (_V_—1—5(1_7r))'

Heuristically, we could pick a period 7' = 10 and divide the constraints into two groups,
the “early” incentive constraints with ¢ < T', and the “late” ones (¢t > T'), and then pick
one from each group. For example, we pick the incentive constraint for ¢ = 10 from the

first group and ¢t = oo from the second group, and consider the constraints:

e 2 L 2 Y (v Y
2 2 —s0-m) 5 —Ai-m)
= . 1 1 1

If inequality (10) binds and inequality (11) is slack then, since x5 (s > 10) does not
appear in inequality (10), x5 = 0 in the solution, which means that consumption is flat
in later periods, a contradiction to the fact that the principal wants to implement high
effort in all time periods. If (11) binds and (10) is slack, then the principal knows that
the shirking type will shirk in all time periods, and thus would reach unemployment
state U; with probability one, while the equilibrium type would reach U; with smaller
and smaller probabilities as t gets bigger. Therefore, for efficiency reasons, the principal

would like the distortion x; to be increasing, and minimize the punishment in the early
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periods that the searcher hits relatively often.* This implies that

Zﬁ < [Soe(v) = S (= )

But the concavity of the function log(-) implies that

contradicting (10). The proof extends this intuition to show that, if any constraint did
not bind, the solution would imply an infeasible choice for that ¢.
Now we verify that the solution to the relaxed problem satisfies all the incentive

constraints in the full problem.

Lemma 6 If in a contract, for allt > 0,

_ 1— 7 t 1— 7 t+1
(HﬁzéUi( 0% ) Ul 5 (H;;OU} 08 ) Ul g1

1-8 C1-B(l-m) ~ 1-5 C1-B(l—7)

then all finite-deviation incentive constraints are satisfied.

Consider the beginning of period ¢, when an agent has not been able to find a job
in the previous periods. Fix the saving decisions of agents up to t. At this moment,
there are potentially many such types of agents. The equilibrium type has 0 wealth,
and the other deviating types have saved various amounts and thus start with positive
wealth. Among them, the type that has never exerted any effort is the richest, since
he knew he would achieve this state with probability one, and has saved to prepare
accordingly. Without further deviation, these agents’ consumption behavior is simply
to consume the claimed goods, plus the interest payment from the secretly accumulated

wealth.® Now these agents are contemplating a one-period deviation, which is to lower

4In fact, in the proof we show that the sequence of x, is decreasing when all the constraints bind in

the relaxed problem.
5This depends on the assumption of CARA utilities.
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a; from 1 to 0 and follow the suggested strategy a, = 1, for all s > ¢ + 1. Doing this,
all the types have reduced the disutility by the same amount, which is 1. However, they
value the transition from the employment state (with claim Cﬁﬂ) to the unemployment
state (with claim ¢f,,) differently. Because they have different wealth levels, and their
true consumption is the sum of claimed goods and interest payments from wealth, the
reduction in terms of utility is inversely proportional to the wealth level. The richer the
agent is, the less he suffers from this transition. Thus the equilibrium type suffers the
most, while the all-shirking type suffers the least and has a comparative advantage in
taking this deviation. Therefore, if we know that the all-shirking type would not take
this one-step deviation, then the other types are not willing either, since they gain even
less.

We call the above story an ex post story, because it is as if the agent considered an ex
post deviation, given the optimal saving rules when deviation was not anticipated. Of
course, in this kind of problem, deviation combined with revised savings is typically op-
timal. An agent will increase his savings if he expects to deviate in the future. However,
to understand why the logic works in spite of this, consider instead a small reduction in
effort. Since all the types have saved appropriate amounts to satisfy their intertemporal
Euler equations, the envelope theorem tells us that, for such changes, the benefit to
revised savings is second order, and the transition from the employment state to the
unemployment state is first order and is the dominant force; we can therefore always say
that the all-shirking type has a comparative advantage at shirking by a small amount.
As a result, it must be the case that the type that always shirks finds additional shirking
most attractive.

In the next section we return, then, to the relaxed problem to develop some details

of the optimal contract.
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5 Analysis of the Optimal Contract

5.1 Decline of consumption over an unemployment spell

We can analyze how consumption changes over an unemployment spell by looking

at the constraints in the relaxed problem. We have that

Proposition 2 U;/U,_; is decreasing in t, and

U ) (1-5)
Eiugl‘3%”®”””‘“p(«WW%L—M1—w»>>1' (12)

Since U; is proportional to the negative of utility from consumption, utility from

consumption is falling at a decreasing rate, eventually reaching a constant rate of decline.
In order to achieve this, consumption must fall by a constant amount in the long run.

A useful comparison is to the case of observable savings.

Proposition 3 If savings are observed, as in Hopenhayn and Nicolini (1997), then

. _a-pp
. (=)

(13)

In the observable savings case, the long-run decline in utility from consumption is a
constant amount, implying slower and slower declines in consumption in the long run.
This shows how unobservable savings can make an important difference in the optimal
policy. When savings are observed, consumption is falling more and more slowly (be-
cause, in the long run, high marginal utility makes small consumption declines translate
into large utility declines), but when consumption is unobserved, it cannot, since the
prospective shirker has more and more hidden wealth.

Another interesting difference between the two cases is that the eventual decline in
consumption depends on the initial promised utility when savings are unobserved. This
difference gives rise to rank reversals in consumption levels over the spell for agents who
start with different promised utilities. It is well known that in the case of observable
savings, a larger promised V implies higher consumption at every node. That is not

the case with unobserved savings. An agent with higher promised utility gets greater
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consumption at the start of the spell, but that extra consumption makes saving more
tempting. In order to undo the temptation to shirk and save, the rate of consump-
tion decline must be faster for the agent who consumes more initially; eventually his

consumption is less than an agent with lower initial promised utility.

Proposition 4 Consider two initial promised utility levels V* > V. Then consumption

is initially higher under V' but is eventually lower forever.

One interesting fact worth mentioning is that, for large ¢, although the equilibrium
type from V® is poorer than that from V?, the all-shirking-up-to-t type from V¢ is always
richer. In other words, our results are consistent with the monotonicity in Hopenhayn
and Nicolini (1997): monotonicity is maintained for the wealth levels that are most
likely to consider one deviation, and whose incentive constraints bind. In Hopenhayn
and Nicolini (1997), there is only one wealth level, that of zero wealth, and the agent
is indifferent between shirking and giving effort at ¢t + 1. Here the critical wealth level
belongs to the all-shirking-up-to-t type, who is ex ante indifferent between his strategy
and one more time period of shirking. Notice that, since an all-shirking-up-to-t type
from V¢ always obtains an ex ante utility equivalent to the equilibrium type, he has
secretly saved so much wealth so that even if he faces lower future consumption claims,

he is able to live better than an all-shirking-up-to-t type from V.

5.2 Benefits over the spell

At the beginning of period ¢, we consider two types of agents, one who finds a job at
period ¢, and the other who finds a job at ¢t + 1. Relative to the first type, the second
type has an additional bad unemployment shock. We compare the discounted value of
net subsidy to these two types of agents, as is done in Shimer and Werning (2005). The
subsidy to the first type is (¢f —w)/(1 — ), while it is ¢ + 8(cf}, — w)/(1 — B) for the
second type. The subsidy to the second type is generally higher, and the difference is

cij—i—ﬂcgl_w—cf_w
1-p 1-p5
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We can think of the above as the insurance for the unemployment risk that an agent
faces at period t. It is well known that in Shimer and Werning (2005), this is a constant.

In our model, it is strictly increasing in t.

E _ E
Ct+l ’UJ_ct—

Proposition 5 ¢V + 0595

= g,u 18 strictly increasing in t.

There is a sense, then, that the subsidy increases over the spell. Although many
transfer sequences, combined with asset markets, can achieve the optimum, we follow
Shimer and Werning (2005) and pin down our benefit sequence by having an employment

tax of zero. Since, for benefits b;, the optimal savings problem of the agent implies

E E
C c
cf—k fei — M — w— b, for all ¢,

1-3 1-8

we have immediately that the benefits are increasing.

Intuitively, the rising benefit sequence is related to the rising benefit sequence that
Shavell and Weiss (1979) find for the case where job-finding probabilities are exoge-
nous but borrowing and lending are allowed. There, the single force is consumption
smoothing: higher marginal utilities in later periods of the unemployment spell dictate
higher shifting benefits to those states. In their model the outcome is a very extreme
jump from zero benefits to full benefits (equal to the wage) at some two-period interval.
Here, however, due to moral hazard, a wedge between consumption when employed and

unemployed must always be maintained.

6 Conclusion

Our paper is a first step toward solving the mechanism design problems with hidden
savings. We have shown a case under which hidden savings (and, without loss of gen-
erality, borrowing) leads to faster utility declines over an unemployment spell than for
the contract in Hopenhayn and Nicolini (1997). This result contrasts with the hidden
savings model of Kocherlakota (2004), where the rate of decline of utility over a spell

of unemployment is zero. Further, our contract has the feature that an agent with an
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initially higher consumption claim, due to higher promised utility, may eventually have
a lower claim than the agent with initially low consumption. This non-monotonicity
comes from the nature of the structure of the binding incentive constraints.

Our mode of attack relies on determining the binding incentive constraints. We use
the notion that types who shirk also want to save. That motive is central to kocher-
lakota’s argument about why first-order approaches to these problems might fail. We
exploit this feature to prove that the type that shirks the most, and saves the most, will
be the hardest agent from which to get effort. Therefore that type has the binding incen-
tive constraints. While the particular results depend on our functional form assumptions,
we think the result points to what can happen in general when non-implemented types
have the binding constraints. The double deviation incentives make such a structure of
binding constraints natural and lead to results that differ from those in the literature.
In particular, the principal must fight the possibility of shirking and saving by making
the rate of consumption decline more dramatic. This is exaggerated further for agents
who get high initial claims and therefore may be most prone to saving.

The results here suggest that the richest type plays a role in determining the optimal
contract, since it is that richest type whose incentive constraint binds. If this type
of problem could be studied recursively, an artificial type would need to be added to
the state space in addition to the promised utility of the equilibrium type. Further

development of this idea is the task of future research.

7 Appendix

Proof of Lemma 1: We first show that if a; = 1, then Uyy; > Fyy. Let Biyq
denote the discounted (to period ¢+ 1) utility of consumption conditional on not finding
a job at the beginning of ¢t + 1,

_Es+1

Bt+1 = Z ﬁsj(t+1) (HZ;%—&—l(l — akﬂ')) —Us + Basﬂ'm .

s=t+1
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Recall that D;yq/3"" is the discounted (to period ¢ + 1) disutility conditional on not
finding a job at the beginning of £ 4+ 1. Equation (1) implies that B;.1 > —U,1/(1—3).

The I.C. condition requires that an agent’s benefit of using effort outweighs the cost,

<o (35 (- 5)

—FEi U1 Dy
< — _
= ﬁﬂ(l_ﬁ (1—6 Bt
Ut+1 - Et+1 ﬂﬂ
<
s Pr——5 1-B+pr
U1 — B
— T 11
< pr 5 + 1,

where the third inequality follows from that D;, /8™ < 1/(1 — 8+ 7). Thus Uy, >
Bt
Second, we show that if a; = 1, then U, = wE;1 + (1 — m)U;1. By contradiction,

suppose
Ut > 7TEt+1 + (1 — T)Ut+1. (14)
For € > 0, there is a unique 0(¢) > 0, such that

u(c? +e)+ 3 [WU(Cﬂ_l —0(e)) 4+ (1 — W)u(cgrl — 5(6))]

= —U+Br(=E1) + (1 = 7m)(=Upa)]. (15)

Thus §'(€) = /(¢ +€)/B[mu/(cfyy — 6(€)) + (L —m)u' (., — 6(€))]. Equation (14) implies
that there is a small € > 0, such that ¢’(¢) > 1/, for all € € [0, €]. Modify the contract

by choosing ¢f = ¢ +€, ¢f = cfy —0(€), ¢y = ¢y — 0(€). After the modification,
(i) the principal saves resources, because € < (0(€);

(ii) the equilibrium type would not secretly save, and his promised utility is unchanged,

given the definition of d(e);

(iii) all the deviators are (weakly) worse off. At the beginning of ¢, consider a deviator

who starts with savings s, 1/3 > 0, and exerts effort {as}52,. Let By and By be the
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deviator’s utility from consumption before and after the modification, respectively.

B = e {U(St&/ﬂ +¢f = s0) + Blamv” (s /B + CtE+1) + (1= aym)o”(se/ 5 + CtU+1)]} J
By, = rsng%({u(st,l/ﬁ + ¢ +€— s4) + Blaymv® (s /B + ¢ty — 6(€))
+(1 = am)o” (s0/B + cf’y — ()]}

where vZ(.),vY(-) are the deviator’s value functions starting from period t + 1.

Then

By, = B+ /Oe{u'(st_l/ﬁ + ' + € — s4(€)) — Blam(v®) (si(€) /B + ey — 6(€))
(1= am) (") (s1(€)/ B + ey = 0(€))]0'(€) e, (16)

where s;(€) is the optimal savings in the maximization problem. If s;(¢) > 0, then

w(sim1/B+ ¢ + e~ si(e))

= [am (") (s:(e)/B + ety — 6(€)) + (1 — arm) (v7) (se(€) /B + ¢y — 0(e))], thus
{/(se-1/B + ¢ + € = s4(€)) = Blaem(v™) (se(€) /B + ¢y — 6(€))
+(1 = aem) (v7) (s0(€)/ B + iy — ()]0 (e)}

= W(sim1/B+¢ +e—si(e))(1— B (e))

If s;(e) = 0, then

{W'(si-1/B+ ¢ +€) = Blam(v®) (cify — d(€) + (1 — am)(v7) (c/fy — 6(e)]0"(€)}
< {u(se1/B+ ¢ + ) = Blarmu (g — 0(e)) + (1 — arm)u(cfyy — 0(€))]d"(€)}
< {u(sim/B+ ¢ + ) = Blmu (s — 6(€) + (1 — m)u'(ci}y — 0(€))]0'(e)}
< {u'(d +e) = Blm ety — d(€) + (1 — m)u'(ehy — 3(€))]0"(e)}

0,

where the first inequality follows from the deviator’s non-negative savings (and
thus having higher marginal utility of consumption than the equilibrium type) at

t 4+ 1, the second inequality follows from a; < 1 and cﬁrl > ctUH, as shown in the
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first part of this proof, and the third inequality follows from s;_; /3 > 0. Therefore,
equation (16) implies By < Bj.

To summarize, if inequality (14) holds, then the principal could modify o to save
resources without violating any incentive constraints, which contradicts the optimality
of o. Using a similar argument, we can show that if a; = 0, then U; = Uy,;.

Third, the shirker is not savings-constrained as well. Since Uy = nE; 11+ (1 — m)Upyq

and Fy, 1 < U1, shirking (a; < 1) implies
Ut < &mEtH + (1 — atﬂ')Ut_H.

Therefore, the shirker always secretly saves and chooses his consumption to restore the
Euler equation. Q.E.D.

Proof of Lemma 3: The proof follows from Lemma 3.1-3.5 in the following.
Let {a;}°,, a; € {0,1}, be an effort sequence that the principal wants to implement.
And for s > 0, let ({a;}i=5, {1}22,) denote a modified sequence where the effort starting
from s is always 1. o*({a;}22,) (the solution to a relaxed problem (20) in the following)
can be approximated by o*({a,};=3, {1}5°,) arbitrarily well, if s is large enough. Lemma
3.5 states that for all s, o*({a,}:=;, {1}5°,) is dominated by lotteries with two outcomes,
thus o*({a:}°,) is also dominated by a lottery with two outcomes. Since the optimal
incentive compatible contract is always dominated by o*({a;}2,), we obtain the result.
Q.E.D.

Let {a:}2,, ar € {0, 1}, be an effort sequence that the principal wants to implement.
Let n; (t > 1) denote the total number of time periods when high effort is recommended
before ¢, i.e., ny = #{s:as =1,0 < s < t—1}. Define z; = ¢V | — ¥ = log(U;/U;_1) /7.
Then ¢V =Y — > @,. If a; = 1, then equation (3) yields

1 1—(1-—
CEA _ cij——log( ( 7r)exp(7xt+1))
vy T
¢
1 1 — (1 —m)exp(yz, 1))
U +
= ¢y — xs— —lo ;
SOIEE a !

while if a; = 0, equation (3) implies that z;.; = 0, and cﬂl does not need to be specified.
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The cost function C(¢) can be decomposed as

— Zﬁt (I24(1 — agm) | ¥ — Szt;xs N 5at7rcg — > e — ilo_gﬁ(l_(l—ﬂ)iXp(WtH))
_fi“épo _
- 25- fﬁ =@ = acima b a tog (L= HET R0
_ ffug Dy
- 10_[01 - g 1 étﬁ(l — 7)™ X{ar_1=1} [(1 — )Ty + w% log (1 —(1- ?GXP(W%)H
£ —5Do
where y is the indicator function. Define a function f(z) = —(l—w)x—w% log (M)
Since f(0) =0, f'(z) = -1+ m, F10) = 0, f'(z) = (1 — m)y(1 — (1 —

7)exp(yz)) 2 exp(yz) > 0, we see that f is strictly convex and has a unique minimizer

at x = 0. Thus

Brw

1-p

Next consider a shirker who shirks in all periods up to a given t (a; = 0, for all 0 < s <

Clo) =

6 ; 15 1 - 7T X{at—lzl}f(xt) - Do- (17)

t — 1), and follows recommended efforts from then on (as; = as, for all s > t). Using the

same proof as in Lemma 4, we obtain
(1-8)8 ¢
(Ht 1178 ) Uy
1-p

We study a relaxed problem where only shirkers in the above are considered,

V({as1o) — Dy (18)

min  C(o)

s.t. Ut = 7TEH_1 + (1 — 7T)Ut+1, if ar = 1,

Ui = U, if a; =0,
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Uy

<<
||

- D
1 _ 05
_14+(1=8)8° ¢
(ot oy
1-p
Denote the optimal solution to the above by o*({a:}2,). The incentive constraint

_ s t
(ot o
1-p

t
1 UQ 1 UO
By > —lo ( + D —D)——lo ( ) 19
; ~ 8 1-3 0 t 5 8 1-3 (19)

Using equations (17) and (19), the relaxed problem is

1% — Dy, forall t > 1.

| \/

— Dy > — — Dy is equivalent to

. — f
min 1 —7)"Xa, =11 f(x 20
i ;_1 1_5( )" Xtarr=13f (1) (20)
Uo 1 Uy
t. E ‘g —1 ——+Dy—Dy ) ——log| —— |, forallt > 1,(21
s Bixs > Og(l—ﬁ+ 0 t> 70g<1—ﬁ) or a (21)
xt—O, if ;i = 1. (22)

Lemma 3.1 For s < t, ifas = 1 and a; = 1 (Dg > Dg.y > Dy > Dyyq), and

Ds—Dgsyq Dy—Dy¢q
sﬂerf Z [+l ) then

>log (2% + Do — Dyy1) — 2 log(2% + Do — D)

ﬁs+1
- %log(ﬂ—oﬁ + Do — Dyyq) — %108;(1{_0,3 + Dy — Dy)
/6t+1 '
Proof of Lemma 3.1: This follows from the strict concavity of function log(-).

Q.E.D.
Lemma 3.2 If there is an s > 0, such that a; = 1, for all t > s, then o*({a:}:2,)

satisfies

B'x; = —log( —DS> — —log( ) .
; g 1-p gl 1-p

Proof of Lemma 3.2: In the optimal solution, x; > 0, for all £ > 1. We also know

that

Zm s (12554 01) = 1o (725 .

24



By contradiction, suppose

. 1 Us ) 1 <U0>
‘r, > —lo +Dy—D, | ——1lo ) 24
;ﬁ 7g(l_ﬁ 0 Slog (15 (24)

Then we will show that

1 U, 1 U
st+1 ~1 o +Dy—-D — 21 O +Dy—-D,]. 25
&) $s+1>70g(1_6+ 0 s+1) VOg 1—ﬁ+ 0 s (25)
To see this, let s* (1 < s* < s) be the time index such that
s*—1
. 1 UO ]_ U()
Bz, = —lo ( + D —DS*_)——IO < >, 26
; 5 8 1-3 0 1 ~ g 1-3 (26)
t
4 1 Uy 1 Uy
Bz, > —lo ( +D —D>——lo < ),s*gtgs. 27
; 5 g 1-3 0 t 5 g 1-3 ( )

Therefore, 3%z > %log (fi—oﬁ + Dy — DS*) — ,—1ylog (ﬁ—oﬁ + Dy — Ds*,1>. For € # 0,
changing z,- by €¢/3* and z,,1 by —e/p*t! will keep 3%z, + (12,1 unchanged.
Equations in (27) imply that no constraints in (21) will be violated after the change if

€ is sufficiently small. Thus the first-order condition for a minimum at € = 0 is
(L= 7)™ f(we) + (1= m)"* fl(2541) =0,
which, with the convexity of f, implies that z,,1 > 4. Thus

Ts41 > T
Llog (ﬁ—ﬁ 4 Dy — DS*> ~Llog (ﬁ—ﬁ + Dy — DS*_I)
B
Llog (ﬁ—oﬁ 4 Dy— DS+1> ~Llog ({i—oﬁ 4 Dy — DS>
ﬁs+1 ’
where the last inequality follows from (Ds_; — Dy )/3° = (851 + (1 — 7)Dy —
Dy)/B" > (1/8 = 1)/(1 = B(1 = 7)) = (Ds — Dyy1)/B*, and Lemma 3.1. Equa-

>

>

tion (25) is proved. Therefore equations (24) and (25) imply

s+1

) 1 Uy 1 Uy

tr > —1 —— +Dyg—D — =1 .
;5$Z>70g<1_6+ 0 5+1) ’yOg(l—B)
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Thus, using the same proof we used for equation (25) and by induction, we obtain

1 U, 1 U,
Bz > ~log (—0 +D0—Dt+1) — —log< 0 —I—Do—Dt), for all t > s,
¥ 1-p gl 1-p

which contradicts (23). Q.E.D.
Lemma 3.3 If there is an s > 0, such that a; = 1, for all t > s, then o*({a:}:2,)
satisfies, for allt > s+ 1,
Ble, = %log (Ji—oﬁ + Dy — Dt> — %log <1(i—06 + Dy — Dt_1> ) (28)
Thus x; is strictly decreasing in t when t > s+ 1.
Proof of Lemma 3.3: For any s’ > s, the conditions in Lemma 3.1 (a; = 1, for

all t > §') are satisfied, which implies

L 1 1
Zﬁll’i = —log < Y% + Dy — Ds/) — —log (ﬂ) , for all ' > s,
— g 1—-p g 1-p

which implies (28). When s > ¢+ 1, (D,_y — D;)/B' = (8 1/(1 — B(1 — 7)) — /(1 —
B(1—m)))/st = (1/8-1)/(1—B(1—mn)), thus it follows from equation (28) and Lemma
3.1 that x; is strictly decreasing in ¢, when ¢ > s + 1. Q.E.D.

Lemma 3.4 If there is an s > 0, such that a; = 1, for all t > s, then o*({a:}:2,)

satisfies

2ot B = )" X =13 f (2)
Z:;:l 52(1 - 7]—)mX{GLi—1:1}

> f(2ep1), when Y F(1 = 1) " X(a,_,=1} > 0.
=1

Proof of Lemma 3.4: Define &; = (log(Uy/(1 — ) + Dy — D;) — log(Up /(1 — ) +
Do — Dy 1))/ (5", for t < s. If a1 = 0, then Z; = 0; otherwise, Lemma 3.1 implies

Ty > Tgyq, for t < s. Equation (21) implies

t t
Zﬁia:i > Zﬁ’ii, for all t <s,
i=1 i=1

which yields

Zﬁi(l — )" X{as1=1}Ti > Zﬁi(l — )" X a1 =1}Ti > (Z 31— W)"iX{aH:u) Tst1.
=1 =1 =1
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Therefore, the convexity of f and f’(z) being positive (when z > 0) imply

Zf:l ﬂl(l - ﬂ)niX{aZ;l:l}f('Ii) > f <Zf_1 /Bl(l - Tr)niX{aZ;l:l}wi
Zf:l Bl — 7T)n’?({aiq:l} N 25:1 B (1 — 7T)n’?({aiq:l}

) > F(Ean).

Q.E.D.

Lemma 3.5 If there is an s > 1, such that as_1 = 0 and a; = 1, for all t > s,

then o*({a¢}32,) is dominated by a lottery with two outcomes: either o*({1}2,), or with

the complementary probability, o*({0}:°,). Notice that o*({0}:2,) is trivially incentive
compatible and by Lemma 5 and Lemma 6, o*({1}:2,) satisfies equation (5) as well.

Proof of Lemma 3.5: Lemma 3.2 and 3.3 yield that

s—1
. 1 UO 1 UO
Bz, = —lo ( + D —Ds)——lo < >,
2 v B\ T ) T T
z, = 0,

1 1
/tht = ;log(l(ioﬁ—i-Do—Dt)—510g<1€0/8+D0_Dt_1>, fOl"aHtZS-i-l.

Now construct a new contract & to implement effort sequence {a,}°,, where

a; = a ift<s—1,
a = 1,ift>s—1.
This implies that {D;}%2, is
- 5371 _ﬁs
Dy = D 1l—m)ts
R ]
- 3 Bs—l _ /88
D, = D 1—m)tstm"——_—— forall ¢ -1
¢ ¢+ (1 —m) = 50—n) orallt <s—1,
~ ﬁt
Dy = ———— forallt>s—1.
T
Define {Z:}:°, by
Ty = x4, forallt <s-—1,
Ty = Ty, forallt > s.
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We will verify that {7,}5°, satisfies (21) in the relaxed problem where {a;}°, is imple-
mented. For ¢t <s—1,

t

t

6'T; = Glx; > —log< + D —D)——log< )

A R e A R
1 Uy - - 1 Uy
> 1 Dy—D, ) — -1

where the last inequality follows from [)0 — f)t < Dg— Dy. For t > s, we need to show
s—1 t s—1 t
Z Bz + Z Bz, = Z Bz, + Z B' i1
=1 =8 =1 =8

1 U() 1 UO
= 2] Dy—D, ) ——1

vog(l—f 0 ) 70g<1—/3)+

1 /1 U 1 Uo
“(Z10g [~ + Dy =Dy ) = ~log [ —> + Dy — D, | ),
ﬁ(70g<1_5+ 0 t-l-l) VOg(l—ﬁ—i_ 0 >)

V

Since a,_1 =0, D, = D,_4, it is equivalent to show that

U, U, U, -
log(1_05+Do—Dt+1) > (1—ﬂ)10g<1_05+D0—Ds>+510g<1_05+D0—Dt)7

which follows from the concavity of log(-) and

Dy~ Diy1 > Dy — BD;
(1-p)p°
1—-06(1—m)

(L= 8Dy~ D+ (Do + (1 =y 2o )
= (1= 8)(Do— D)+ B(Dy — Dy),

> Dy— D, — (1 —p3)Dy+ (1 —m)st

where the second inequality follows from Dy = 3°/(1 — §(1 — 7)). Thus & satisfies the
I.C. constraints in the relaxed problem.

Contract ¢ is more efficient than o*({a;};2,) in the sense that & lowers the cost of
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distortion per unit of wage income generated,

Yooy B = 7) " X qap=13.f (2¢)
Doy BHL = 7)™ X (a0, _y=1)
LB = 1) X g ey F ) 4+ 02 B — ) f ()

LB = T X a1 + iy B — )
i BN = )" X =y f (@) + 3002 B (L = )™ f ()
:;11 BHL = )" X far_ =1} + 2 opogig BHL — )™
LB = ) X qaraeny () + 300, 81 — ) f ()
i B - T)™X{ar1=1} + P pos BH(1 — )7

)

where the inequality follows from Lemma 3.3. Hence o*({a;}:°,) is dominated by a
lottery with two outcomes: with probability Dg/ Dy, the principal uses contract & to
implement efforts {@;}°, and deliver promised utility —Uy/(1 — 3) — Dy; and with
probability (1—Dgy/Dy), the principal implements {0}, and delivers utility —Uy/(1—3).
This lottery provides the same ex ante utility, but lowers the cost function C(o).

If there are still zero efforts remaining in {a; }$°,, we could repeat the above procedure
and move forward the tail sequence of full efforts one step further. Eventually the first
outcome in the lottery will specify a;, = 1, for all ¢ > 0. Q.E.D.

Proof of Lemma 4: Denote the agent’s savings by {sV}%,. At the beginning of
period ¢, since he will follow strategy {a; = 1}{°;, the optimal consumption is the sum
of the goods claimed from the principal and the interest payment of 5%]—1' To see this,

notice that U; = 7Fy, 1 + (1 — 7)Usy and CARA utilities imply, for all ¢ > ¢,
U,(Cg +(1/8 - 1)55—1) = WU,(CEA +(1/8 - 1>31€‘]—1) + (1 - ﬂ-)u/(cgi-l +(1/8 - 1)5%]—1)-

An unemployed agent’s period ¢ value function taking s¥ | as a state variable is

_%V;t) exp(—y(1/8 = D)si ) = 1 (itﬁ exp(—v(1/8 —1)s¥ ).

Now suppose we know an unemployed agent’s value function at period ¢ < tis Vy(s¥ ;) =

%(Sgl) =

—zexp(—y(1/8 —1)sY ,)/(1 — 3), where x is a parameter. We can calculate the value
function V;_;(s¥,) as follows. With probability a; ;m, the agent will find a job next
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period and has a value function —F; exp(—v(1/8—1)sY ;)/(1 — 3), and with probability
(1—a;_y7), he is still unemployed and has a value function —z exp(—v(1/3—1)s¥ ,)/(1—
B). The agent’s optimal savings problem at period ¢ — 1 is

Via(sile) = max —exp(=ye) + Blaam(—5 %6 exp(—y(1/8 = 1)s;_,))
HU= dam) (=g op(=(1/5 = Dsi)]
st. e +sV =8V, /84+c . (29)

The first-order condition is

exp(—vyei1) = [ar1mE; 4 (1 — a_ym)x] exp(—y(1/8 — 1)s7 ). (30)

Substituting equation (30) into equation (29) yields ¢, = (1/8—1)sV , + (1 —3)cV | +
Blog(a;_1mE: + (1 — a;—ym)x)/(—7). Thus

—exp(—y¢—1)
1-p
= —exp(—y(1/8 = )si’y) (exp(—ve) 1)) ™ [ar-am By + (1 = aram)z]” /(1 = B)
U gy mEy + (1 — ay_ym)a]’

- L exp(—1(1/6 — 1)st’).

Using the above formula recursively, we have the agent’s utility in period t = 0 (assuming

Vt—l(sij—ﬂ

that sY; = 0)

—Uy Plagn By + (1 — aom)UL Playw By + (1 — aym)Uy [ [aswEr + (1 — 4 m) U7 ]7)P)°
1-p3 ‘

Q.E.D.

Proof of Lemma 5: It is a special case of Lemma 3.2. Q.E.D.

Proof of Lemma 6: Consider a finite-deviation strategy {a;}s°,, where a; =

1,Vt > t + 1 for some ¢t. We first show that setting a; = 1 and keeping other efforts

unchanged will weakly improve an agent’s utility, i.e.,
Uy PlaonEy + (1 — agm)Uy laswEy + (1 — aym)Uy [ [agm Ee + (1 — am)Uza)?.. 17)7)°
1-p
— a0 + 801 — mio)in + .. + 5 (M2h(1L —ma)) (at— +B(1— wag)mﬂ
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_ UL Plagr By + (1 — aom)U; Planm By + (1 — aym)Us P[. [ Eeey + (1 — m)Uzi]?..]%)%)°
< 3
~Nao + B(1 — még)dr + ... + 5 (Ht;;})(l - was)> (1 +B(1— w)m)} . (31)

But Lemma 6.1 in the following states that
Uy Plagn By + (1 — agn)UL Plagw By + (1 — aym) Uy P[.[aim By + (1 — @)Uz ]P...)%17)°

1-p
_U(}*ﬂ[&oﬂlﬁ + (1 — C~L07T)U1176[C~L17TE2 + (1 — C~L17T)U217ﬂ[---[7TEZ+1 + (1 = m)Ug]’..)°1°)°
1-p
O L s e
. SR o _
- (a0 =
t t+1
N it Ci
0 m) 0w

which implies equation (31). By backward induction, an agent can further set a;_; = 1
and (weakly) improve his utility. In this way, we prove that setting a, = 1,Vt > 0 is the
optimal strategy. Q.E.D.
Lemma 6.1 I[f0 < Uy < U; < ... < Uy and a; < 1, then
Uy Plagm By 4 (1 — aom)U; P laym By 4+ (1 — aym)Uy P[. Jaym Eryy + (1 — @) Upyq)?..)P17)°
U Plagn By + (1 — aom) UL Plasm By + (1 — aym) UL P[ [ Epr + (1 — m)Upia)?..17)%)°

ﬂtJrl

> (1 - 7a,)) (1 - a) [ U7 Ul = mout=97 ol

s

Proof of Lemma 6.1: First we state an inequality that will be used later:
(x+alz—y)’ >a’ +a(z’ —yf), foral0 <z <y<20<a<l. (32)

This can be easily shown by the concavity of function z”. By induction, since mE,,; =
U — (1 — 1)U,
67 By + (1 — aym)Upss)”
= [a(Ui = (1 = m)Ui1) + (1 = @m)Up1a]”
= [U+ (1 =) (U = U,))

> U+ (1—a) U2, - Up),
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where the inequality follows from inequality (32). We can proceed to the second step,

(@17 By + (1 — aam)U; (U7 + (1 — &) (U7, = U)))°
> (i 7B+ (1= apm)Up + (1 — agam) (1 — @) (U7 PUS, = U))P

> (a1 7By + (1 — @ mU)° + (1 — G (1 — @) (U PP0F, = UP).

Again, since a; 17E; + (1 — a,_1m)Uy < Uy < Upyq, the last inequality can be justified
by inequality (32). We can use the same technique and prove the lemma by induction.

Q.E.D.

Proof of Proposition 2: Lemma 3.3 states

1 7 ! 1 7 -1
=108 (-7 - =) =5 o (- - =)
Therefore lim; ... v, = (1 — 8)/(v(=V)B(1 — 3(1 — 7))) > 0. Recall that U;/U;_, =
exp(yxy). Q.E.D.
Proof of Proposition 3: In Hopenhayn and Nicolini (1997), if the principal always

implements high efforts, then {U,};2, is monotonically increasing. We will show

lim U; = oc. (33)

t—o0
By contradiction, suppose that for some B > 0, lim; ., U; = B. Inverse Euler equation

1 T 1—m
— = + 34
Uy Eipvn o U )

implies that lim, .. £y = B. Let WtU be the promised utility for an agent who has
not found a job at the beginning of ¢. Recall that in Hopenhayn and Nicolini (1997),
incentive constraints are all binding, implying

B
1-p

which violates the incentive constraint Sr(—FE;/(1 — 8) — WY) > 1 for exerting effort

wy o= Y U > - (35)
s=t

for large t.

Secondly we show that

lim sup(U41 — Uy) < 0. (36)

t—o0
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Equation (34) and U; < Uy imply that Fy < Up < Ugyq. Thus

U1 — Uy < Ut+1 _Et+1 Z ﬁs (t+1) 7 Eiq
1-p Us - 16}

s=t+1
U Et+1 1

Wt-‘rl_l_ﬁ_%?

where the last equality follows from the binding incentive constraint.

Thirdly, we have
Et+2 1

Wie=1-5 = 3r (37)
U1 + W, — f’f_—“ﬁ =W, - f’f_—“ﬁ = 5% (38)
Substituting equation (37) into equation (38) yields
(1= AV + Bia — By = 527 S (39)
Substituting equation (34) into equation (39) yields
2
Vs — Uy — Ui =00 = 57 (10)

B, ’
where Ay = (Up + (U1 = U)) /(wUp + (Up1 = Uy)), By = (B(1 = m)Up1) /(7Ups1 + (Ups2 —
Uis1)). Rewrite equation (40) as

At (Ay — B)C — (1g£)2

Bt B, ’

where C' = (1 —3)?/(3(1 - 3(1 —7))). Equations (33) and (36) imply that lim; .., A; =
1/m and limy_,o By = (1 — w)/m. Therefore lim; o A;/B; = 1/(6(1 — 7)) > 1 and
lim; oo (A — B))C — (1 — 3)?/(B7)) /By = 0. For any € > 0 (e < (1/(B3(1 — 7)) — 1)/4),

there is a t*, such that if t > t*,

(U2 = Upy1) = C = = [(Upps = Up) = C] +

A, — B)C — =22
éZ—l — ¢, and (4 2 br_| < ¢
By »8(1_7T) By
So if (U1 — Uy — C| > ¢,
1
Utz = Uppr = C| > (6(1—7r) JUipr = Uy = C| — ¢
1
> —20) Uy = U, — C
= (ﬁ(l— ) €) |Ups1 t |

(AV2
E
=|
=
t
|
S
Q
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By induction, |Upo — U1 — C| will grow at a geometric rate, contradicting equation
(36). Therefore when t > t*, U2 — Uy — C| < €. Thus equation (13) holds. Q.E.D.
Proof of Proposition 4: If V¢ > V? then it follows from equation (8) that
—Ug > —U} and from equation (12) that lim; .., U¢/U& | > limy .., UY/UY ;.  Q.E.D.
Proof of Proposition 5: Lemma 3.3 states that x; > z;,1 > 0, for all £ > 1. We
will show that both ¢ff — ¢ and ¢/ — ¢f; are strictly decreasing in ¢.
Equation (3) implies

exp(—y(cy —¢)) = mexp(=y(e/ —¢)) + (1 —7),

which implies that ¢ — ¢V is decreasing. Equation (3) also implies

exp(—vycfly) exp(—yef) — (1 — m) exp(—ycf )

exp(—ycf’) exp(—yef ;) — (1 — ) exp(—ycf)

= exp(yxy) <1 +(1—m) eXP(WxtH)e;qi(f(Yixi 7:)2;)(;3;)1) '

Since exp(yxt), (r¢ — x441), and 1/(1 — (1 — m) exp(ya;)) are all decreasing in ¢, we

conclude that ¢f — ¢f}; is decreasing in ¢. Finally

B E E _ E
Ciap—wW ¢ —w ¢ —c¢
g G B _ Uy Bl 1)

=w— (¢ —c
o 6 1— 6 ( t t 1 — ﬁ
is strictly increasing in t. Q.E.D.
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