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Abstract
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A Stock Market Model

I.  INTRODUCTION

This paper presents a model of the stock market that contributes to our understanding of the portfolio-consumption behavior of portfolio investors and the time series behavior of capital market statistics.  The model has a large number of investors and two assets.  One asset is a risk-free one-period interest-bearing bond, and the other is a market portfolio of risky shares.  The model has three important building blocks.  One is the Samuelson [1969], Merton [1969] [1971] portfolio-consumption model.  Under it, the fraction of net worth in risky shares and the fraction consumed are independent of net worth.  It will also be called the neoclassical version of the model here.  The second building block is the Gordon-Sethi [1997] extension of the Samuelson-Merton model to recognize that there is life after bankruptcy, so that it need not be avoided at all cost.  That makes the fraction of net worth in risky shares and the fraction consumed decline as net worth increases, and it will also be called the Keynesian version here.  Recognition of bankruptcy is a rationalization of increasing relative risk aversion in the portfolio decision and of the Keynesian consumption function.   

Our model's third building block is the Gordon [1962] dividend growth model for pricing a share and estimating its expected return.  Under the further assumptions that the system is closed, and the values of the exogenous variables are given, the model arrives at the time series behaviour of the price of the market portfolio, its expected return and the variables dependent on them.  This solution has the following attractive property.  Each investor buys or sells shares and bonds to make the actual and desired portfolio composition equal, under the assumption, correct at the micro level, that the security prices are independent of her decisions.  On the macro level, however, a closed system means that the shares and bonds outstanding are unchanged by their purchase and sale.  Consequently, price and expected return on the share adjust to persuade investors in aggregate to hold the outstanding securities.  With a plausible set of rules for generating the time series behavior of the exogenous variables, simulation may be used to investigate how price, expected return, holding period return, portfolio composition, and other capital market statistics vary over time, and in relation to each other.

Our model and its simulation illuminates a number of interesting questions on capital market behavior and statistics.  Ever since Arrow [1965] and Pratt [1964] established that portfolio investors could be characterized as having constant, increasing or decreasing relative risk aversion in their allocation of net worth between risky and risk-free assets, there has been interest in how investors behave on average.  Arrow reasoned that they are likely to have increasing relative risk aversion.  Friend and Blume [1975] examined the data on how the actual allocation of wealth varied with its level in the U.S., but they found it difficult to reach strong conclusions on the subject.  Samuelson [1969] [1989] has been surprised that it was so difficult to find rational reasons why the portfolio allocation decision should vary among persons.  Our simulation also does not answer this question definitively, but it confirms what the two versions of the model suggest:  to the extent that investors are Keynesian in their behavior and have increasing relative risk aversion, the market is less volatile, and the expected return on the market portfolio is lower than they would be under neoclassical behaviour.  But the Keynesian market outperforms the neoclassical market in that wealth and consumption grow at higher rates over time due to the lower volatility. 
Our model also helps clarify the relation between the one-period return generated by the holding-period model and the dividend growth model's infinite horizon return.  Over the last two decades, there has been increasing disillusionment with average realized holding period return as an estimate of a share's or portfolio's expected return.  At one time, it was widely believed that estimating expected return is a relatively easy task.  We can observe the realized holding period return on a share or portfolio free of error with ease, and arriving at the expected return only required the assumption that expectations are on average realized.  As Elton [1999, p. 213] stated, "Asset pricing in the common stock area has universally involved using realized return as a proxy for expected return."  He went on to demonstrate, however, that the results obtained with this proxy have been quite unsatisfactory in tests of the CAPM and other empirical work.  Reinganum [1981], Coggin and Hunter [1985], Lakonishok and Shapiro[1986], and Fama and French [1992] are among those who found no correlation between average realized holding period return and beta, thereby calling into question beta as an index of risk or covariation in risk and expected returns or this estimate of expected return. 
Surprise has been expressed at the size of the risk premium in the market portfolio, when the  risk premium is taken to be the excess of the average realized return over the risk-free rate.    Mehra and Prescott [1985] were puzzled by the size of the real risk premium in the market portfolio, about 6 %.  Following Lucas [1978] and Sargent [1987], they took the variance in the rate of growth in aggregate consumption as being the measure of risk, and they found beyond all reason the degree of risk aversion needed to justify so large a risk premium.   See also Burnside and McCurdy [1992] and Kocherlokata [1996].  Our simulations find that  a reasonable degree of risk aversion is consistent with the degree of risk and the risk premium that exist.  Our simulations also find that the infinite horizon expected return derived from the dividend growth model is more or less lower than the expected return derived from realized holding period returns.  The explanation is that the average realized holding period return has a higher variance than the return derived from the dividend growth model, and the difference between the two expected returns increases with the difference in their variances.  Of course, the measure of risk we use is the variance in the return on the market portfolio.

Other research has abandoned the assumption that average realized return is a useful estimate of expected return, turning instead to the dividend growth model.  Claus and Thomas [2001] found the discount rates which equate security analyst estimates of the payment expectations on portfolios with their prices.  Fama and French [2002] recognized that expected return is the sum of the portfolio's dividend yield and its expected growth rate, and they looked at various estimates of the growth rate, e.g. past growth rate in earnings or in dividends.  These authors found that their estimates of expected return and with it the risk premium, to be lower than the estimates derived from the average realized holding period return.  Gordon and Gordon [1997] extended the dividend growth model to recognize that exceptional growth has a finite horizon and found the horizon that maximized the correlation between the expected return for each horizon and beta, the explanatory variables including beta.  The correlation was quite high, so that evidence in support of the CAPM was found, and quarterly estimates of the nominal expected return on the S&P 500 were obtained.  They found that the average nominal risk premium over the years 1985 to 1991 was about 4 percent.

The long bull market that ended a short while ago has been taken as evidence in support of a buy-and-hold policy.  We find that when the level and variability of consumption are recognized, both the neoclassical and Keynesian portfolio-consumption policies perform better than comparable buy-and-hold policies.  


The Samuelson-Merton papers have generated a considerable literature on portfolio-consumption policy at the micro level.  Even at this level, simulation has been found useful.  See for example Longstaff and Schwartz [2001], Detemple, Garcia and Rindisbacher [2001] and Balduzzi and Lynch [1999].  For efforts to deal with other aspects of the subject on the micro level see Campbell and Visceira [1999], Heaton and Lucas [2000], Brandt [1999] and Lettau and Ludvigson [2001].

II.  THE PORTFOLIO AND CONSUMPTION DECISIONS

Our market system comprises N portfolio investors.  At the start of t, they have S(t) shares in a market portfolio and B(t)  bonds. P(t) is the price per share of the shares in the market portfolio.   Each bond has a value of $1.00 at the start of  t and it pays (1 + r ) dollars at the end of t.  The portfolio decision of the jth investor at the start of t is the allocation of wealth or net worth, W(j,t), between shares and bonds.  Investor j holds S(j,t) shares and B(j,t) bonds so that 

W(j,t) = S(j,t) P(t) + B(j,t).


      

(1)

The fraction of net worth invested in shares, called the equity ratio here, is 
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B(j,t) is negative when the investor borrows and invests S(j,t) > W(j,t) in shares, but when we aggregate over all investors the sum of the B(j,t) is B(t), the outstanding number and value of bonds.
  

An investor who maximizes the expected utility of future consumption under a class of HARA utility function with constant relative risk aversion, with the investment opportunities constant over time, and no explicit recognition of what happens in the event of bankruptcy. 
 (See Merton [1971] and Karatzas et al. [1986; reprinted in Sethi (1997, ch.2)]) has a desired equity ratio for each t over all future time of: 
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(3) 
The additional variables here are k(t), v(t) and δ(j) with k(t) > r and 0 ≤ δ(j) < 1.   k(t) is the expected return on the market portfolio or the yield at which it is selling, and v(t) is the variance in the return on the market portfolio.   1 - δ(j) is the risk aversion of the jth investor, and it is assumed to be constant over time.  The behavior represented by Eq. (3) is quite reasonable, apart from the assumption that the variables on the right hand side are constant from one period to the next.  The desired equity ratio increases with k(t) - r, the premium in the share’s expected return over the interest rate, and it decreases as the portfolio's risk and the investor's aversion to risk, v(t) and 1-δ(j) rise.  Hence, we use Eq. (3) to describe how investors in aggregate behave in each period, with the derivation of how the variables change over time established in what follows.
An investor who maximizes the expected utility of future consumption under a HARA utility function with constant relative risk aversion, consumes the fraction of W(j,t) given by the expression:
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 (Kartazas et al. [1986] and Sethi et al. [1992]; reprinted in Sethi [1997] as Ch. 2 and Ch. 6, respectively).    In this expression β(j) is the rate at which future utility is discounted by investor j. We have little to go by for the value of β(j), and if it is believed that β(j) = r for all investors, cz(j,t) reduces to
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Eqs (4) and (5) state that the fraction of net worth consumed increases with the interest rate and the excess return on the share, and it falls as risk and risk aversion rise. Since 0 ≤ δ (j) < 1, we can see that cz(j,t) also increases with β(j).  All this is quite reasonable, and Eq (4) is used here to arrive at the fraction of wealth that investors in aggregate consume in each period. 

Eqs. (3) and (5) have both the fraction of net worth invested in the share and the fraction consumed independent of net worth.  The implicit assumption is that bankruptcy is infinitely terrible, to be avoided at all cost.  For instance, a sharecropper-peasant with this utility function and a wealth of one kilo of rice would divide it in three piles, plant one, eat the second and put the third aside in case the crop fails.  If the crop fails, the process will be repeated with the third pile, ad infinitum.  In the real world there is life after bankruptcy. A peasant, entrepreneur or portfolio investor may take a job, become a thief or go on welfare.  Sethi (1997) and Gordon and Sethi (1997) have established the consequences of having this recognized by an investor who maximizes expected utility.   With bankruptcy not a fate worse than death, the investor makes the fraction of net worth invested in the share and the fraction consumed both rise as net worth falls towards zero.  The expressions developed below to capture this behavior will be referred to as the Keynesian version of our stock price model, and Eqs. (3) and (5) above will be referred to as the neoclassical version of the model.

When the desired equity ratio falls (rises) as net worth rises (rises), the investor has increasing (decreasing) relative risk aversion.  We capture increasing relative risk aversion by modifying Eq. (3) as follows:  
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Here, 0 < Ψ < 1 and WLR(t) is a long-run value of W(j,t).  It captures the fact that dk(j,t) for any current level of net worth rises with the general prosperity of society.

Eq. (5) has the consumption decision, like the portfolio decision, independent of net worth.  As W(j,t) goes to zero, the absolute amount consumed, defined as CZ(j,t) = cz(j,t)W(j,t), also goes to zero, thereby avoiding bankruptcy, even though consumption is being reduced below the level needed to sustain life and well below the expected level of consumption in bankruptcy.  That is unreasonable behavior when life after bankruptcy is possible.

The consumption behavior of an investor who does not reduce consumption towards zero as net worth goes to zero may be captured by the expression:

CK(j,t) =  λ cz(j,t) WLR(t) + (1 - λ ) cz(j,t) W(j,t)                     (7)

            = cz(j,t)[ λWLR(t) + (1- λ)W(j,t)].
with cz(j,t) given by Eq. (5) and 0 < λ < 1.  It can be seen that Eq. (7) is a Keynesian consumption function with net worth replacing income and the constant term increasing with the long-term growth in wealth.  It seems reasonable to call the portfolio-consumption behavior represented by Eqs. (3) and (5) "neoclassical" behavior and to use the term "Keynesian" for Eqs. (6) and (7).

III.   THE MACRO EQUILIBRIUM

Each investor is free to allocate her net worth between bonds and shares at her pleasure, subject to an upper limit on the equity ratio.
 However, in a closed system, all investors in aggregate must hold the outstanding amounts of the bond and the share.  That is

P(t) S(t) = P(t) Σj S(j,t), 




(8)

and 



B(t) = Σj B(j,t).





(9)

In addition each neoclassical investor must have az(j,t) = dz(j,t) and in aggregate we must have 
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under the neoclassical version of our model.  The corresponding expression  ak(t) = dk(t) must hold for a system in which investors follow Keynesian portfolio consumption policies.   az(t) and ak(t) as well as other capital market statistics need not be the same under the two policies.  

Perhaps we should note again what is likely the most critical assumption of our model:  the stock market is a closed system.  We do not have investors coming into or leaving the market, so that shares purchased and sold during a trading period must be purchased from and sold to other investors in the market at the start of the period.  It would be nice to withdraw the assumption, but we believe it has enough empirical relevance to explore its implications.
  

After completing the presentation of our model, we will simulate it.  That involves establishing how the variables change from one period to the next in discrete time.  To ensure recognition of what is and is not being accomplished in the simulation, we date the variables carefully in what follows.  

The  process by which each investor succeeds in making the actual and desired equity ratio equal and all investors in aggregate are persuaded to do so, depends on how shares are priced. The first law of finance is that the value of an asset is the present value of its payment expectation.  For a share the payment expectation may be taken to be its dividend expectation. The representation of that expectation with two parameters, a current value and a growth rate, described in Gordon (1962) and Gordon and Gould (1978), has become widely in the practice of finance for two related purposes.  One is to discover over- and under-priced shares and the other is to guide corporations in their investment decisions by providing an estimate of its cost of equity capital.  Here we use the model for a third purpose, to explain the macro portfolio behavior of investors.

For this purpose, the price of a share portfolio at the start of period t is
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Here eD(t, t-1) is the expected value of the dividend in t, arrived at on the basis of information available at the end of t-1, that is, before P is determined.
   Similarly, eg(t,t-1) is the expected value of the dividend’s growth rate over all time subsequent to t, on the basis of the information available at the end of t-1.  Hence, given P(t), we know k(t) and vice versa, and they are inversely related.  
The requirement that the actual and desired equity ratio be equal on the micro level, that is az(j,t) = dz(j,t) is easily satisfied.  The actual P is observed and the k is inferred by the investor on the basis of her estimates of D and g, and all four are looked on as being independent of the purchases or sales made.  Hence, an investor who finds herself with az(j,t) >dz(j,t), for example, simply sells shares and buys bonds.  As Eq. (2) makes clear, S(j,t) falls, and B(j,t) rises as shares are sold and bonds are purchased in response to the excess of az(j,t) over dz(j,t). That reduces az and leaves dz unchanged until they are equal.

On the macro level the outcome of the sale and purchase of shares and bonds is different and more subtle, but no less effective in a closed system. At the start of t, the number of shares S, and the amount of bonds B are given, so that net worth W=SP+B changes only with P=eD/ (k-eg).  Furthermore, eD and eg are given for each investor, so that P and k are mutually determined by the inverse relation in Eq. (11).  Figure 1 illustrates how the actual and desired equity ratios vary with W(t), keeping in mind that W(t) varies with P(t).  The actual equity ratio, az = SP/SP + B, is zero when P and with it W are zero, and it  rises from zero asymptotically towards one as P and W rise to infinity.
   The desired equity ratio dz is infinite at W = 0, and it falls asymptotically towards zero as W rises towards infinity.  To see why this is so, let us look back at Eq. (3) where we have v(t - 1) and δ(j) already determined.  As P, and with it W, rise towards infinity, k falls towards r.  As the risk premium (k-r) falls toward zero, the motive for holding risky shares disappears and dz approaches zero.  Conversely, as the risk premium on shares rises towards infinity, the incentive to raise dz towards infinity increases.  

 The above fall in dz towards zero as k(t) - r falls and its rise towards infinity as k(t) - r rises, take place with constant relative risk aversion, and with no recognition of bankruptcy.  With increasing relative risk aversion, we turn to Eq. 6, where dz is multiplied by a function of WLR(t) / W(t), so that dk falls towards zero more rapidly than dz as P(t) and W(t) rise towards infinity.  The reverse is true in the unlikely case that investors in aggregate have decreasing relative risk aversion.  
Eq. (11) is not the only way in which shares may be priced.  The dividend expectation subsequent to t on the basis of information available at the end of t-1 can be represented by the expected value of the price at the start of t + 1.   In that case 
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(12)

Notice that in Eq. (12) as well as Eq. (11), the price and expected return are mutually determined and are inversely related given the specified payment expectation.  In fact, the expected return in both expressions is equal to the dividend yield plus an expected value for the growth rate.  In one case, the growth rate is in the dividend over an infinite horizon, and in the other case it is based on an expected one-period growth rate in the price.  Under certain assumptions, one can show that the two growth rates and values for k and h are equal, but in practice they can be quite different.  When we turn to the simulation of our stock market model, it will be seen that the mean of the realized one-period returns is in general larger than the mean of the infinite horizon estimated returns.  Furthermore, the variance of the realized one-period returns, which also enters into our model, is an order of magnitude larger than the infinite horizon variance. It is intuitively clear that some investors may arrive at the expected return on the market portfolio on the basis of the expression that can be derived from Eq. (11), while others may use Eq. (12).  We will consider further how k(t), and h(t) enter our model when we take up its simulation.  

There is another difference between the two expressions for P(t) given by Eqs. (11) and (12) that we will take note of now.  The difference is important because it is misleading.  For Eq. (12), we rarely if ever see estimates of eP(t + 1, t-1) on the part of security analysts, while they do estimate the dividend statistics in Eq. (11) and these estimates can be used in empirical work. All that we observe for share price are ex post realized values.  They give rise to the realized holding period return during t:
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              (13)
The ability to observe hr(t ) has led to the assumption that expectations are on average realized, in which case averages over many periods can be used as estimates of expected return for various empirical purposes, including the testing of the CAPM.  As noted earlier, the empirical work based on this assumption has not been very fruitful, to say the least.

IV.   THE VARIABLES OVER TIME

The previous section arrived at the price per share and the expected return on the market portfolio that persuades investors to hold the outstanding quantities of shares and bonds, with all of the variables that enter into the determination of P(t) and k(t) given.  To see what happens to them over time, we will describe how the statistics that were used to arrive at P(t) and k(t) were updated to arrive at P(t+1) and k(t+1).  Some of the variables that are independent of P and k are assumed here to be constant over time.  They are r, δ(j) and β(j).  Having them vary in a reasonable manner would clearly enrich the model.  
Variables that change independently of P and k are eD and eg.  First, the actual dividend paid in t,  D(t), may be different than its expected value at the end of t-1.  It is 
D(t) = eD(t, t - 1) + ((t),                 
   
(14)

with ((t) a normally-distributed random variable with a zero mean in each period. The source of D(t) is exogenous to our model.  It is determined by the corporate sector, and investors estimate what the dividend will be rather than determine its amount.  An interesting extension of the model that will not be carried out here is the endogenization of corporate earnings, investment policy and return on investment, variables that influence the dividends that corporations pay and the expectation of future dividends.

Investors here arrive at the values of eD(t + 1, t) and eg(t + 1,t) solely from the dividend history of the share, since they have no information on past or expected earnings and investment by corporations. The history they have includes the historical record of the realized dividends, the expected dividends and their expectations for the growth rate in the dividends.  We make use of that history as follows:
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with s(1) a smoothing constant, so that 0<s(1)<1, and with η(t) a normally distributed random variable with mean
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.   Eq. (15) states that eg(t + 1, t) is some average of its previous value and a long-run value 
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, plus a random disturbance, which can be positive or negative.  Furthermore, underlying economic forces prevent it from departing very long and very far from its long-run value.  The expected dividend in t +1 at the end of t is 

                   eD(t+1,t)  = [s(2) eD(t, t-1 ) + [1 - s(2)] D(t)] [1 + eg(t+1, t)],
      

 (16)

with s(2) another smoothing constant.  eD(t + 1, t) takes advantage of its previous expected value and actual dividend in t and the current expected growth rate.  Clearly, there are other reasonable assumptions under which the expected dividend and growth rate could change over time.

The variables that are in part dependent on P and k and enter into its determination are the number of shares in the market portfolio, the debt, the variance in the return on the shares and consumption.  Under the simplifying assumption that the dividend is the only equity flow of funds between corporations and their shareholders, 



S(t) = S(t -1).








(17)

The assumption that the number of shares outstanding does not change over time is not strictly true, but it is not as unrealistic as it might first appear.  The assumption is of no consequence in perfectly competitive capital markets,
 and it is of little consequence in practice, so long as the sale and repurchase of shares are both small enough so that they can be ignored at little cost.
 

In arriving at the P(t) and k(t) that made the actual and desired equity ratios equal, we took B(t) as independent of the process.  The actual equity ratio at the start of t+1 depends on W(t+1) = P(t+1) + B(t+1), so that we must update B(t).

B(t + 1) = B(t) [1 + r] + D(t ) - C(t)




(18)

We already have D(t) and must determine the consumption during t.  In a neoclassical market, it is 



                    C(t) = cz(t) W(t)





(19)

with C(t) arrived at on the basis of cz(t) and W(t) established at the start of t.  Recalling Eq. (5) on the micro level, 




cz(t) = r –δγ(t) / (1 – δ)2.                                                          (20)

In a Keynesian market

C(t) = cz(t) [λWLR(t) +[1 – λ] W(t)].




 (21)

Finally, 

WLR(t) = s(3)WLR(t-1) + [1 – s(3)] W(t).



 (22)

with s(3) a smoothing constant that is very close to one.


The variance which appears in Eqs.(13) and (20) or their Keynesian counterparts is in principle the ex ante variance as of the start of t in the share’s one-period return or its infinite horizon return, but we cannot observe that statistic.  Establishing the value of v(t) could be disposed of by assuming v(t + 1)=v(t) for all t, but  we want to recognize that it could change over time.  We do this by assuming that investors use the variance in the realized one-period return as their measure of risk, regardless of their horizon.  Our rationalization for doing this will be presented later. With our source of information on v past values in the share’s realized holding period return, the expression used to take advantage of this information is 

v(t)=s(4) v(t -1) + [1-s(4)] [hr(t - 1) - ha(t - 1)]2 .

    (23)

Here s(4) is another smoothing constant, hr(t -1) is the realized holding period return on the share in t, given by Eq. (13), and ha(t -1) is an average of the holding period returns up through t -1.  Specifically,

    ha(t - 1)=s(4) ha(t-2) + [1-s(4)] hr(t-1).


      (24)

The smoothing constants could be different in Eqs. (23) and (24), but they must be very close to one in both expressions in order to recognize that v changes slowly over time in response to new values of h.  Note that P(t) and k(t) enter into az(t), dz(t) and cz(t), while it is v(t-1) that enters these variables.  

V.   SIMULATION OF THE MODEL


The development of our stock market model above involved a number of significant simplifying assumptions that were made in order to make clear its essential features.  Nonetheless, it remains a complex system with a large number of interdependencies, so that  partial equilibrium analysis would tell us very little.  Simulation seemed more promising, and Table I presents capital market statistics for the neoclassical and Keynesian versions of our  model that were obtained in this way.
  The table's first section presents the values assigned to the exogenous variables and to the initial conditions that are common to both versions of the model.  They are needed to start the simulation.  The second and third sections present the expressions for the neoclassical and Keynesian portfolio and consumption policies and then in each case the summary statistics obtained.  For statistics that are not expected to grow--such as k, the infinite horizon return, and h, the one-period return-- we present the means and standard deviations over one hundred trial periods, and for statistics that are expected to grow--such as the dividend and the price--we present the estimated growth rates and their standard errors in regressions on time.  The last section presents the expressions along with the values assigned to their coefficients that are employed to update the variables dependent on P and k.  Notice that except for eg and eD, the lagged and not the current values of these variables determine P and k.  The inputs to the simulation described in Table I were consistent with capital market statistics such as those in Siegel [1992], where such statistics could be used and they were otherwise based on common sense.
    


The capital market statistics in Table I are more attractive under the Keynesian portfolio and consumption policies than the neoclassical policies.  The mean and standard deviation of eg are the same under both policies, because it is exogenous to the model, but other statistics, k, h, D/P, v and ΔP/P  have lower means and lower standard deviations under Keynesian policies.   This takes place with the fraction of wealth consumed the same under both policies.  The mean equity ratio is slightly lower and it fluctuates a good deal more under the neoclassical policies.  Hence, capital market statistics are considerably less volatile under the Keynesian policies.  The higher means for k and h under the neoclassical policies do not mean that they are the more profitable.  Starting with the same initial values, P, B and C have higher growth rates and less volatility under the Keynesian policies.  The growth rate for the dividend, like the mean growth rate, is the same under both policies because the determination of both is exogenous to the model.   The explanation for the better performance of the capital market under the Keynesian policies is simple.  Increasing relative risk aversion is a more conservative portfolio-consumption policy than the constant relative risk aversion implicit in the neoclassical policy.  The higher long-run growth in consumption and wealth is due to the fact that the higher mean values for their k and h are more than offset by their higher volatility under the neoclassical policies.  The difference between the two portfolio policies is due to psi = .5 in Eq. (6).  When psi = 0, the two policies are the same, and as psi rises, the difference between the two policies grows.  
We experimented with a wide range of different values for our smoothing constants, for  changes in the mean and variance of  the innovation in the growth rate, and for other parameters of the model.  All such changes did not upset the above qualitative conclusion on the comparative merit of the Keynesian policies.  We do not know whether or not the same is true under any number of possible elaborations of the model in the direction of making it a more realistic representation of actual stock markets.  Of course, finding that a Keynesian policy is more attractive is not evidence that it is followed.  We have only shown that it is more reasonable and more beneficial.


The simulation statistics in Table I also confirm the statement made earlier that the mean of the one-period returns, h, is larger than the mean of the infinite horizon returns, k.  This is true of both neoclassical and Keynesian portfolio-consumption policies.  Furthermore, the standard deviation of h is much larger than its value for k, and the difference in means increases with the difference in variances.  To explain, recall the process by which we generated the simulation values for k and h.  A plausible exogenous process generated the values of eg and eD, with eg(t) a weighted average of eg(t - 1) and η, and with the latter a random innovation that has an expected value of eg(1).  The difference in the means and in their standard deviations of k and h increases with the standard deviation in η.  Hence, we may say that as the uncertainty about the infinite horizon growth rate increases, the uncertainty about the one-period return increases, and the excess of its mean over the mean of the infinite horizon mean also increases.  In other words, a given degree of volatility in eg and k generates a much greater degree of volatility in h and ΔP/P, and that raises the mean of h relative to its value for k.  


Recall that a seductive feature of the one-period expected return is that its realized value can be observed free of error, so that its average realized value can be used as the expected return on the assumptions that expectations are realized on average, and that the one-period return is what investors buy.  The word "seductive" is appropriate, because the use of the average realized return as an estimate of expected return in empirical work has not been fruitful.  By contrast, in our model the process that generates the infinite horizon growth rate is based on different information, and it is used to generate period-by-period the realized values of k and h.  Perhaps we can use the statistics from simulations of the model on the relations among the realized values for eg, k and h to infer the actual market values of eg and k from the empirical realized values of h.  This is a very brave speculation on two counts.  It requires knowledge of the model's other variables, and it also requires that the variation in k and h with eg under the model's simplifying assumptions is not changed materially when these assumptions are violated.  


The simulation reported in Table I produces the much greater variability in price than in dividends that has puzzled some writers.  Shiller's [1981] analysis of the greater volatility in price than in the dividends subsequently paid, led him to the conclusion that the difference is so large as to be a "failure of the efficient market model" [1981, p. 434].  In the Keynesian section of Table I, the standard error in the price growth rate is 0.157, which is almost four times the figure for the dividend, .045.  The explanation for the greater volatility in price in our model is the uncertainty about the growth rate in the dividend.  Share price in Eq. (11) depends on eg as well as eD and k.  Perhaps investors should close their eyes to evidence that the future growth rate in the dividend or the resultant current growth rate in the price has gone up or down, but our model is consistent with the proposition that they react to such evidence.  Campbell and Shiller [1988, p. 220] found that that dividend yield varies over time inversely with the “rationally expected future growth rate in dividends” but it is insensitive to a wide range of proxies for the discount rate.  
How do  the mean k and the mean h in Table I compare with the mean growth rate in wealth under a buy and hold strategy. 
  The mean k is the sum of the means for the periodic dividend yield and the periodic estimates of the long-run growth rate in the dividend.  The mean h is the arithmetic average of the portfolio’s realized holding period returns, but the return on a buy and hold strategy is the geometric and not the arithmetic mean of the h.  The geometric mean is smaller by an amount that varies with the standard deviation of h.  Young and Trent [1969] have shown that a good approximation of the geometric mean is:

gm = [[1+r + ak[h-r]]2  - ak2σ2].5 – 1                                  (25)

To arrive at the long run growth rate in wealth under a buy and hold strategy in a market that behaves according to the Keynesian policy in Table I we set ak = 1 and make use of the mean and standard deviation of the h, which was .092 and .176.  We get gm = .078, which turns out to be exactly equal to the mean k.  They will typically be close but not equal.  


Does a buy and hold strategy outperform the strategy that maximizes utility under a neoclassical portfolio-consumption policy or a Keynesian policy?  Under a Keynesian policy, the fraction of wealth consumed on average is c = .052, and ak =.653 is the average fraction of wealth in the stock portfolio.  With these departures from a naїve buy and hold policy, where all wealth is in the stock portfolio and nothing is consumed, the rate of growth in wealth under Keynesian policy was 2.1%.
  To arrive at the geometric growth rate under a comparable buy and hold strategy, we introduce consumption into Eq. (25).
gm = [[1+r –c + ak[h-r]]2  - ak2σ2].5 – 1.                       (26)

With r = .05 and the above values for c, ak, h and σ2, we find that gm = -.003.  The growth rate is slightly negative, so that a buy and hold strategy constrained to satisfy our investor’s portfolio/consumption policy is inferior to Keynesian policy by a wide margin.  Neoclassical policy would also outperform a comparable buy and hold strategy.

We stated earlier that a wide range of changes in the inputs to our simulations of the model did not result in outputs that violated our conclusion on the comparative merit of Keynesian versus neoclassical policies.  The same is also true of our conclusions regarding the comparative statistics for k and h and the comparative volatility of price and dividend over time.  However, there were changes in the inputs that did produce changes in the output that are worth noting and some of them are illustrated in Table II for the Keynesian version of the model.  Panel A does no more than raise the standard deviation in η from .02 to .04, and we see that it raises the means and the standard deviations of  D/P, k, h, v and ΔP/P substantially.  It illustrates how much these statistics vary with the volatility of eg.  Somewhat surprising, the rise in the mean ak above its initial value is all but eliminated, and the growth rates in B and C are raised materially.  More on this later.  


In Panel B we simulate a growth market by raising eg(1) and the mean of η from .025 to .05 and by reducing eD(1) from .05 to .025, thereby keeping k(1) = .075.  We also keep the other statistics unchanged, including r = .05 and dk(1) = .5.  Panel B reveals that the mean dividend yield is reduced below its Table I value, but at 0.44, it is still much greater than its initial value.  Both expected returns, k and h, are raised substantially  by going from a high dividend yield to a high growth rate market.  The volatility statistics are also raised substantially, notwithstanding the fact that the standard deviation of η is not raised along with its mean.  Note the correlation among growth, expected return and risk in going from Table I to Panel B of Table II, notwithstanding the fact that initially k = .075 in both simulations.  For theoretical explanations, see Gordon [1994, Chs. 3 and 6] and Booth [1999].Turning to the growth rates in P, B and C, we see that the pattern in going from D to P, to B and C in Panel B is similar to Table I, but the levels are higher and the changes are sharper.  The consequence is that the mean ak is raised much higher than its Table I value, the rise being from .653 to .849.


In Panel C, the risk premium is raised from .025 to .050 by reducing the interest rate from .05 to .025, but we kept dk(1) = .5 by raising risk aversion from 1.25 to 2.5.  The lower r and the greater risk aversion reduced the means and standard deviations of the return statistics D/P, k and h, and it also reduced the mean v.  It seems that changes in the risk premium achieved by changes in the interest rate that are matched by changes in risk aversion have moderate impact on the market.  In Panel D, we approximate what we believe are capital market statistics for the post World War II years.  The interest rate and initial dividend yield are both 2.5%.  eg(1) = .05 as in Panel B and the uncertainty as to the growth rate is also high as in Panel A.  To keep dk(1) = .5 with the risk premium raised from 2.5% to 5.0%, 1 – δ is raised to 2.5 as in Panel C.  We see in Panel D that means of k and h are raised considerably to .112 and .125 respectively.  Here as in Panel B, the growth rates in D, P, B, and C fall in going from D to P and then to B and rise for C.   We ran numerous other simulations in which the smoothing coefficients were varied and the results were what one would expect.  We used Eq. (4) instead of Eq. (5) for ck(t) and varied β from .5r to 2.0r only to find it had negligible impact on the outputs.  In simulations where cz or ck was much larger than D/P, we had B go negative and the simulation broke down.  We did not explore whether the program could be changed to run the model with B negative, because an economy in which portfolio investors in aggregate were in debt did not seem realistic.

The simulations produced two surprises that may be related to each other.  We expected the mean value of D/P to be about equal to its initial value and the growth rates in P, B and C to be about equal to the growth rate in D.  Instead, the mean value of D/P commonly, but not always, proved to be more or less larger than its initial value, and there is a common but not universal tendency for the mean growth rate in P to fall below the rate for D and the growth rate for B to be still lower, with some recovery in the rate for C.   Unfortunately, the departures from these two surprises did not follow a simple pattern, thereby making a clear and simple explanation of the surprises beyond our reach.  The two surprises seem to originate in the determination of B, which is far from being completely dependent on  what investors do in this closed system.  B is increased by dividends and interest, with the dividend and its growth determined exogenously and with the interest rate on bonds fixed.  B is reduced by consumption, and from Eq. (5) it can be seen that consumption is a fraction of wealth that is greater than r by an amount that is on average small.  In addition, the fraction varies inversely with wealth due to Eq.(7).  
Consequently, when the dividend yield is small and its growth rate is high, income falls below consumption and B falls relative to P, thereby exerting downward pressure on P.  There is also upward pressure on the dividend yield due to the failure of P to rise with D and there is upward pressure on the equity ratio due to the failure of B to rise with P.  In the extreme, consumption forces B to turn negative and our stock market breaks down.  The market behaves very differently when the  initial dividend yield is large and its growth rate is low, even more so when r is below the dividend yield.  The growth rate in B is comparable to that of the dividend, the downward pressure on P is eliminated, and there are no material differences among the growth rates in D, P, B and C.   The average dividend yield is little if at all above its initial value and the average equity ratio may fall below its initial value instead of rising.  


We do not see a problem in the co-existence of the infinite horizon and one period expected returns.  Some investors implement their portfolio policy on the basis of k and others on the basis of h, and some may even change their horizons from one period to the next.  Regardless, there is always some objective P and subjective k or h that persuades investors to hold the outstanding shares given their values for eg and eP.  Of course, inertia enters into the process in the real world.  Furthermore, we have seen that the difference between the mean values of k and h is not as significant as it might first appear.  

It may be thought that there is a problem in the empirical use of our model with regard to the observation of the risk faced by an investor who has an infinite horizon.  We cannot readily arrive at the variance in k from observable data, and our simulation uses the variance in the holding period return as the risk statistic for both types of investors.  A plausible rationalization is that the risk all investors are exposed to is the one period or short-run volatility in price and not the long-run volatility in the dividend.  Unexpected large demands for cash expose investors to short-run volatility in price regardless of their horizon.

VI.   CONCLUSION


The stock market model presented in the preceding pages arrived at capital market statistics under plausible assumptions with regard to the portfolio-consumption behavior of investors and simplifying assumptions with regard to the nature of the market.  Under the Samuelson-Merton representation of investor behavior, they have constant relative risk aversion in that the fraction of wealth in the risky share portfolio and the fraction of wealth consumed are both independent of wealth.   Under the Gordon-Sethi extension of this model, bankruptcy is not avoided at all costs, so that investors have increasing relative risk aversion in that both of the above fractions decrease as wealth increases.  The former version of the model is called "neoclassical" here and the latter version is called "Keynesian" here.  On the micro level, investors buy and sell shares in the belief that their price and expected return are independent of these decisions.  On the assumptions that the system is closed, and, regardless of whether investors use the infinite horizon or one-period model for pricing a share, portfolio price and expected return, adjust to persuade investors to hold the outstanding quantities of shares and bonds.


Simulation is used to arrive at the time series behavior of capital market statistics, under simple but plausible assumptions with regard to how expectations are revised on the basis of new information.  Our most important findings are: (1) capital market statistics, expected return in particular, are less volatile and wealth grows at a somewhat higher rate under Keynesian than under neoclassical portfolio-consumption policy; (2) the one-period return has a larger mean and greater volatility than the infinite horizon return, and the difference in their means increases with the difference in their volatilities;  (3) the growth in share price over time is more volatile than the growth in the dividend, because current price changes not only with the current dividend, but also with the changes in its expected future growth rate; and (4) both our neoclassical and Keynesian policies produce much higher growth rates in wealth than a buy and hold strategy adjusted to make consumption and risk comparable on average.  A number of simplifying assumptions were made to facilitate the model's introduction here, and withdrawing them may contribute further to understanding the behavior of actual stock markets.  Tobin’s [1958][1982] larger objective of understanding their interaction with the rest of an economic system may also be served.  The interest rate can be allowed to vary with monetary policy, nominally risk free assets can be expanded to include money and a long bond and decisions can be based real instead of nominal values of the variables.  The system could be opened up to include other financial institutions, in particular, banks and foreign investors.  Finally, including corporations would provide earnings information that investors could use to forecast dividends and their growth.
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�Notice the most secure position an investor can have is az(j,t)=0, in which case her entire net worth is invested in nominally risk-free bonds.   az(j,t)=1 when the entire net worth is invested in shares.  The risk position rises above 1 with borrowing to make the investment in shares greater than W(j,t).  In the limit, as borrowing, represented by B(j,t) goes to infinity, az(j,t) goes to infinity.  Hence, az(j,t) goes from 0 to infinity as B(j,t) falls from W(j,t) to minus infinity.  Note that dz(j,t) > 0 means that the optimal solution does not involve any short selling of the market portfolio.  Also, what investors can do in theory to hold a portfolio that provides a real return that is risk-free is quite difficult to realize in practice, and it will not be attempted here.


� The class of HARA functions considered here are those with infinite marginal consumption utility at zero consumption.  For this class, one does not need to consider what happens in the event of bankruptcy, since no bankruptcy occurs in an optimal solution with this class of utility functions.


� Bankruptcy was punishable by death or long imprisonment at one time.  Today corporate executives emerge from the bankruptcy of the corporations they control and sometimes their own bankruptcy with personal fortunes in the hundreds of millions of dollars.


 


�  The treatment of bankruptcy in Sethi (1997) is in continuous time so that an investor with a net worth of $100 and a debt of $100,000,000 could be sold out before her net worth went negative, or, more precisely, sold out at the instant her net worth goes to zero.  Our model is in discrete time, so that the probability creditors will suffer a loss because W(j,t) turns negative (or the expected value of the loss) must be kept sufficiently small by putting an upper limit on az(j,t).  For example, when az(j,t) rises above 5, the investor is sold out, and s/he is given the residual equity, if any, in the proceeds.   Otherwise, private debt would not be considered substantially free of default risk.  However, a limit on debt is needed only on the micro level or for third world countries.  On the macro level, B cannot go negative.  


� Individual investors in this closed system may decide to sell all of their shares and put all of their net worth in the bond at any time.  However, we cannot have the banking system, the government or foreigners buy (sell) shares in response to decisions by our investors to sell (buy) shares.


�The model is readily enlarged to incorporate in the market portfolio shares for which the dividend is expected to be zero for the next n periods. See Gordon and Gordon [1997].


�This is on the assumption that B>0.  On the unlikely assumption that investors in aggregate are debtors, az ultimately falls asymptotically towards one as P goes to infinity.


�The Miller-Modigliani (1961) proof of the irrelevance of dividend policy for the price of a share makes retained earnings and the sale of shares perfect substitutes for each other, in which case the dividend is simply net of the funds obtained from the sale of shares and gross of the funds obtained through the purchase of shares by corporations.


� Among the factors responsible for the great bull market that ended in 2001 was the substitution of share repurchases for dividend payments and the use of debt to finance these share repurchases.  They worked like dividend payments on the macro level, thereby understating the "dividend yield" on the market portfolio.  Capital market statistics for the nineties were also distorted by the rise in the corporate debt equity ratio.


� All of the simulations employ nominal values of the variables.  We do not believe that deflating the output statistics with a price index would contribute anything of interest.  Simulating the neoclassical and Keynesian portfolio-consumption policies on the basis of deflated values of the nominal data is another interesting and difficult model that is not undertaken here. 


� In Table I and in most other simulations, the initial values for the quantities that enter into the determination of the desired equity ratio were constrained to satisfy dz(1) = dk(1)= .5.  That is, eD(1), eg(1), P(0), v(0) and 1 - δ were so constrained.  Our interpretation of the Federal Reserve Board [1999] statistics on the distribution of personal assets and liabilities was that the statistics could be reduced to make reasonable mean values of az = ak = .5 in our model.


� It is a widely recommended strategy.  See for example Samuelson [1994].  Under it the investor puts all wealth or a dedicated portion of initial wealth in a diversified market portfolio and puts all proceeds, dividends as well as appreciation back in the portfolio and holds the portfolio for a very long time.  The attractive feature of this strategy is that it dominates a bond portfolio by a wide margin in the long run.  See Mehra and Prescott (1985).  Of course, if everyone followed the policy, there would be no market.


� The regression estimate of the growth rate is 2.03%, and if we take that as the arithmetic mean, the geometric mean is lower.  In our simulation, the terminal wealth was $1,178, and a growth rate of 2.1% equates that with the initial wealth of $200.


� A strict application of the buy and hold strategy of putting all wealth in a market portfolio is feasible only for an investor who is able to refrain from all consumption.  The strategy makes the dividend as well as the capital appreciation not available for consumption.  A more conservative portfolio may be advisable for an investor who faces uncertain needs for cash, particularly if these needs are correlated with declines in the market.  On the other hand, no version of buy and hold is feasible for an investor whose short-run policy is to consume a fraction of wealth greater than the dividend.  A more venturesome policy may be imperative.
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