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ABSTRACT

This paper presents a new test of conditional versions of the Sharpe^Lintner
CAPM, the Jagannathan and Wang (1996) extension of the CAPM, and the
Fama and French (1993) three-factor model.The test is based on a general non-
parametric methodology that avoids functional form misspecification of be-
tas, risk premia, and the stochastic discount factor. Our results provide a
novel view of empirical performance of these models. In particular, we find
that a nonparametric version of the Fama and French model performs well,
even when challenged by momentum portfolios.

ASSET PRICING MODELS have been the cornerstone in finance. In particular, the Ca-
pital Asset Pricing Model (CAPM) of Sharpe (1964) and Lintner (1965) and its
multifactor extensions are the most widely used tools in empirical studies. The
CAPM has been carefully examined by numerous authors. Recently, a number of
anomalies against the unconditional version of the CAPM have been identified.
The evidence against this constant beta model is so forceful that some argue that
the CAPM is dead (see Fama and French (1992, 1996b)). However, as Dybvig and
Ross (1985) and Hansen and Richard (1987) show theoretically, the conditional
version of the CAPM can hold perfectly even when the unconditional CAPM ex-
hibits serious pricing errors. In general, dynamic models that allow for time-
varying betas and risk premia can perform substantially better than static mod-
els. On the other hand, researchers have uncovered evidence of time variation in
betas and expected returns (as well as return volatilities) over the past two dec-
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ades.These findings have motivated a growing literature on testing conditional
asset pricing models.1

A challenging issue arises in studies of conditional beta-pricing models.These
models imply that the conditional expected return on an asset is a linear func-
tion of one or more conditional betas that measure the asset’s sensitivity to
sources of undiversifiable risk. While this trade-off between time-varying risk
and expected returns makes such models intuitively appealing, it is empirically
challenging, since there is no theoretical guidance on how betas and risk premia
vary with variables that represent conditioning information. To conduct tests,
previous studies assume statistical models (typically linear models) relating be-
tas to conditioning variables. Consequently, their empirical results can be
shaped by the modeling assumptions. Recently, Ghysels (1998) discussed the pro-
blem in detail and stressed the impact of misspecification of beta risk dynamics
on inference and estimation.He shows that severalwell-known time-varying beta
models are seriously misspecified such that they are outperformed by constant
beta models in many cases.2

In this paper, we provide a new test of conditional versions of the Sharpe^Lint-
ner CAPMand two of themost influential extensions: theJagannathan andWang
(1996) model and the Fama and French (1993) three factor model. Our empirical
study is based on a testing methodology that completely avoids specification of
time-varying betas.This can be critically important if the betas are not well ap-
proximated by linear models and if it is difficult to capture nonlinear beta func-
tions. Our testing method is a flexible nonparametric approach to incorporate
conditioning information. It is based on a nonparametric presentation of restric-
tions on the stochastic discount factor implied by a conditional linear factor pri-
cing model.This methodologyallows us to conduct tests in away that is free from
functional form misspecification about dynamics of conditional betas, risk pre-
mia, and the stochastic discount factor.
Our results provide a novel viewabout how these asset pricing models perform

empirically. For the conditional CAPM, we find that our nonparametric version
performs substantially better than the unconditional CAPM, in contrast to Ghy-
sels’ (1998) results on some parametric versions of the conditional CAPM.3 The
conditional model is still statistically rejected. Our tests reveal some interesting
patterns in the pricing errors, or the Jensen’s alphas, of the conditional CAPM.
On one hand, they are positively correlated with the stock market. The pricing
errors have a strong size pattern in volatility but not in time-series average. Such
a dynamic size pattern implies that abnormal returns can be generatedwith sim-

1A partial list includes Ferson, Kandel, and Stambaugh (1987), Bollerslev, Engle, andWool-
dridge (1988), Harvey (1989), Shanken (1990), Cochrane (1996), He et al. (1996), Jagannathan
and Wang (1996), Ferson and Siegel (1998), and Ferson and Harvey (1999).

2 This issue is recognized by many authors. For example, see Harvey (1991) and He et al.
(1996). More recently, Brandt (1999) has stressed importance of this issue in estimation of
portfolio and consumption choice.

3 This confirms that without misspecification of beta risk, time-varying beta models are
sure to beat constant beta models. This point is explained and shown explicitly by Ghysels
(1998).
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ple strategies that increase holdings of small stocks and reduce holdings of large
stocks when the stock market goes up, and vice versa. On the other hand, these
pricing errors have a clear book-to-market pattern in time-series average but not
involatility. In other words, the size and book-to-market effects seem to appear in
different dimensions.
The extension of the CAPM by Jagannathan and Wang (1996) has attracted

considerable attention. Jagannathan andWang argue that it is important to in-
clude labor income risk when pricing the cross section of stock returns.While the
model is well motivated, our results indicate that the labor income risk factor is,
surprisingly, not significant in capturing dynamics of the deviations from the
conditional CAPM.The factor can hardly reduce the pricing error volatility, giv-
ing rise to strong rejections in our tests. However, we find that the labor income
factor is significant in reducing the average pricing errors, which is consistent
with the results of Jagannathan andWang.
The FamaandFrench (1993) three factor model has nowbecome a focal point in

empirical asset pricing.The empirical success of the model has received multiple
competing interpretations (e.g., see Fama and French (1996a) and MacKinlay
(1995)).While the issue is far from closed, many begin to use the three factor mod-
el in applications. However, recent tests of the conditional Fama and Frenchmod-
el by He et al. (1996), Ferson and Siegel (1998), and Ferson and Harvey (1999) cast
doubt on empirical performance of this widely applied model.The tests strongly
reject conditionalversions of themodel and generate the impression that the con-
ditional Fama and French model fails miserably at dynamics of asset returns.
These test results seem surprising, as one would expect that by allowing for

time-varying betas and risk premia, dynamic versions of the Fama and French
model should perform even better than the unconditional version. One explana-
tion is that the Ghysels’ (1998) critique applies here. That is, the results against
the three-factor model mayarise from serious misspecification of the betas or the
stochastic discount factor. Consistent with this argument, our tests of a more
flexible nonparametric version of the model lead to a totally different conclusion.
We find that when cast in the nonparametric form, the conditional Fama and
French model performs well. It captures the most significant features of devia-
tions from the conditional CAPM.
The continuation of short-term returns or the momentum effect documented

by Jegadeesh and Titman (1993) has been one of the most serious challenges to
the CAPM.The momentum effect has received special attention since Fama and
French (1996a) find that their three factor model in the unconditional form does
not explain the anomaly. Recently, several authors have debated about the source
of momentum profits. Conrad and Kaul (1998) and Chordia and Shivakumar
(2002) argue that momentum profits are due to cross-sectional dispersion in
expected returns or persistence in expected returns. In contrast, Jegadeesh
and Titman (1999) and Grundy and Martin (2001) conclude that the momentum
profits are due to stock-specific returns.4 A critical issue in this debate is how to

4Meanwhile, Moskowitz and Grinblatt (1999) find that the momentum profits may be ex-
plained by industries.
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measure expected returns that vary over time. Different ways to model systema-
tic risk, conditional versus unconditional models in particular, can produce very
different expected returns, giving rise to different views about whether profits to
momentum strategies are consistent with time-varying expected returns. Sur-
prisingly, none of the above studies has applied a conditional asset pricing model
that allows risk and risk premia to vary over time in flexible ways.5 In general,
little is known about whether conditional models can help explain the momen-
tum puzzle.
We challenge the conditional CAPM and the conditional Fama and French

model with momentum portfolios.We find that while it is rejected by the tests,
the conditional CAPM implies that winners tend to have higher conditional ex-
pected returns than losers, consistent with the explanation of Conrad and Kaul
(1998) andChordia and Shivakumar (2002).6 For the conditional Fama and French
model in the nonparametric form, we get more favorable test results.The model is
not rejected, and it implies that the conditional expected returns of the winners
are on average about one percent (permonth) higher than those of the losers.This
suggests that a major cause of the momentum profits is that winners tend to have
higher conditional expected returns. The result disagrees with those of Jega-
deesh andTitman (1999) and Grundy andMartin (2001) that rely on more restric-
tive models to measure expected returns.
For any nonparametric tests, one of the most critical questions is whether the

test has power in finite sample applications. Nonparametric tests can avoid ef-
fects of misspecification, but typically the underlying nonparametric estimators
converge at rates slower than parametric estimators. This problem that plagues
nonparametric methods in general is known as the ‘‘curse of dimensionality.’’7 In
contrast, our approach has a very appealing property. Although this approach is
based on a nonparametric pricing kernel, the estimator underlying the test con-
verges at the standard parametric rate, no matter how many conditioning vari-
ables are used. We have conducted Monte Carlo experiments to study finite
sample performance of the nonparametric testing approach and to back up our
empirical applications.8 We find that the nonparametric testing approach per-
forms well.The simulation results are consistent with the fast convergence rate
property.
The paper proceeds as follows. Section I presents the nonparametric presenta-

tion of the conditional CAPM, describes the testing approach for the conditional

5Grundy and Martin (2001) allow betas to vary, but their model is more restrictive than
general conditional models. They assume that each beta can take at most three different va-
lues determined only by factor performance.

6 This is also consistent with Karolyi and Kho (1996). They find in a simulation experiment
that the conditional CAPM is capable of producing momentum profits as large as observed in
actual data.

7 The problem is more serious for higher dimensional applications. For example, Silverman
(1986) explains the curse of dimensionality in details. See Pritsker (1998) and Chapman and
Pearson (2000) for discussions of the problems associated with some nonparametric methods
in finance.

8 These results are not reported but available upon request. For one factor models, Wang
(2002) reports a simulation experiment for the nonparametric method.
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CAPM, and outlines two extensions for conditional multifactor models. Section
II provides empirical results. Section III concludes.

I. Methodology

In this section, we present a nonparametric approach to testing conditional
asset pricing models.This inference methodology is constructed in the stochastic
discount factor (SDF) framework.The simplicity of the SDF to present a general
theory of asset pricing is now well recognized.9 The SDF framework is universal,
as every modern asset pricing model delivers a basic pricing equation

Etðmtþ1Ri; tþ1Þ ¼ 1;

where Et denotes the conditional expectation, mt11 is the SDF, and Ri,t11 is the
return on the i-th asset.10 Different models impose different restrictions on the
SDF.Whenmt11 is a fully specified parametric function of data and parameters,
the model is usually estimated and tested by the generalized method of moments
(GMM) of Hansen (1982).
Bansal, Hsiesh, and Viswanathan (1993) and Bansal and Viswanathan (1993)

are the first to advocate the idea of a flexible SDF in empirical asset pricing.They
focus on nonlinearAPTmodels that assume that the SDF is a nonlinear function
of a few state variables. To cope with the issue that the SDF functional form is
unknown, they propose a series expansion GMM approach.That is, one first ap-
proximates the SDF by a series expansion (such as a polynomial expansion) and
then applies the standard GMM for estimation and testing.11 This approach is
intuitive and very general.The drawback is that it is difficult to obtain the distri-
bution theory and an effective assessment of finite sample performance.
Our approach focuses on the conditional CAPM and its multifactor exten-

sions. Like the nonlinear APT models, the conditional CAPM does not yield a
fully specified parametric SDF; however, it does imply an SDF of certain struc-
ture. Our approach is designed to test the model’s restriction on the SDF, without
imposing any auxiliary functional form assumptions.To ease exposition, we first
show the SDF restriction implied by the conditional CAPM and describe how to
capture it by a nonparametric SDF.Then, we outline the test method and exten-
sions for multifactor models.

A. ANonparametric Presentation of the Conditional CAPM

The conditional version of the Sharpe^Lintner CAPM implies that conditional
expected excess returns are linearly related to conditional betas. In this section,

9 See Cochrane (2001) for a recent comprehensive discussion and references of studies about
the SDF approach.

10 For models about excess returns such as the Sharpe^Lintner CAPM, the basic equation is

Etðmtþ1ri; tþ1Þ ¼ 0

for i51,y, n, where ri,t11 is the excess return on the ith of n assets.
11Chapman (1997) extends this approach to evaluating consumption-based models.
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we show that the return-beta relation can be translated into a restriction on the
SDFmt11 in the equation

Etðmtþ1ri; tþ1Þ ¼ 0

for i51,y, n, wheren is the number of assets, and ri,t11 is the excess return on the
ith test asset.This SDFcanbe easily presented in a nonparametricway, providing
the basis for constructing our inference approach.
The conditional CAPM states that the market portfolio is conditionally mean-

variance efficient, and thus satisfies the following equation

Eðri; tþ1jItÞ ¼ Eðrp; tþ1jItÞ
covðri; tþ1; rp; tþ1jItÞ

varðrp; tþ1jItÞ
; ð1Þ

for t51,y,N, whereN is the sample size, It is the time t information set of inves-
tors, rp,t11 is the return on the market portfolio in excess of the riskless rate, and
ri,t11 is the excess return on the ith test asset.The CAPMbeta-pricing equation (1)
is equivalent to

Eðri; tþ1jItÞ ¼ Eðrp; tþ1jItÞ
Eðri; tþ1rp; tþ1jItÞ
Eðr2p; tþ1jItÞ

; ð2Þ

which is the so called ‘cross-moment’ representation.12 Our test aims at equation
(2).13

Let xt be a k�1 vector of conditioning variables such that14

Eðrp; tþ1jItÞ ¼ Eðrp; tþ1jxtÞ ð3Þ

Eðr2p; tþ1jItÞ ¼ Eðr2p; tþ1jxtÞ: ð4Þ

The excess returns and the conditioning variables are assumed to be strictly sta-
tionary. Let gpðxtÞ ¼ Eðrp; tþ1jxtÞ, gppðxtÞ ¼ Eðr2p; tþ1jxtÞ, and b(xt)5 gp(xt)/gpp(xt).
Given that (3) and (4) hold, conditional pricing errors (or Jensen’s alphas) from
(2) can be expressed as

Eðri; tþ1jItÞ � Eðrp; tþ1jItÞ
Eðri; tþ1rp; tþ1jItÞ
Eðr2p; tþ1jItÞ

¼ Eðmtþ1ri; tþ1jItÞ; ð5Þ

12 (1) implies that Eðri; tþ1jItÞvarðrp; tþ1jItÞ ¼ Eðrp; tþ1jItÞcovðri; tþ1; rp; tþ1jItÞ. Replace
varðrp; tþ1jItÞ and covðri; tþ1; rp; tþ1jItÞ with Eðr2p; tþ1jItÞ � ðEðrp; tþ1jItÞÞ2 and Eðri; tþ1rp; tþ1jItÞ
�Eðri; tþ1jItÞEðrp; tþ1jItÞ, respectively, and cancel out the common term on both sides. This
shows that (1) implies (2). Conversely, it is easy to see that (2) also implies (1).

13A nonparametric test that directly targets (1) is considered in a previous version. It is
omitted since the test based on (2) is simpler and performs better in Monte Carlo simulation.

14Note that (3) and (4) are only for the market portfolio p. This is much weaker than requir-
ing xt to be a full characterization of the information set It.
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wheremt1151�b(xt)rp,t11.Thus (2) is equivalent to

Eðmtþ1ri;tþ1jItÞ ¼ 0: ð6Þ

The SDFmt11 implied by the conditional CAPM is determined by the first two
conditional moments of the market portfolio. Thus, we can estimate it nonpara-
metrically, that is,

m̂mtþ1 ¼ 1� b̂bðxtÞrp;tþ1; ð7Þ

where b̂bðxÞ ¼ ĝgpðxÞ=ĝgppðxÞ, and

f̂fðxÞ ¼ N�1h�k
XN
s¼1

K
x� xs
h

� �
; ð8Þ

ĝgpðxÞ ¼ N�1h�kf̂fðxÞ�1
XN
s¼1

K
x� xs
h

� �
rp;sþ1; ð9Þ

ĝgppðxÞ ¼ N�1h�kf̂fðxÞ�1
XN
s¼1

K
x� xs
h

� �
r2p; sþ1: ð10Þ

The nonparametric estimators in (8), (9), and (10) are standard.The estimator f̂fðxÞ
is the Rosenblatt^Parzen kernel density estimator, with kernel functionK( 	 ) and
bandwidth parameter h. The estimators ĝgpðxÞ and ĝgppðxÞ are the Nadaraya^Wat-
son kernel regression function estimators.
The nonparametric presentation serves as the basis for our inference ap-

proach. Note that unlike the nonlinear APT models, the SDF derived above is
not positive. However, this does not imply existence of arbitrage opportunities,
since, in general, there exists at least a strictly positive SDF of the CAPM in a
discrete time finite assets setting.15 For the purpose of statistical inference about
pricing errors, a positive SDF is often inconvenient in constructing tests and it
generally does not offer any significant benefits in empirical analysis. As a result,
the constraint of the SDF being positive is typically not imposed in tests of fac-
tor-based asset pricing models (e.g., see Cochrane (1996)).

B. Statistical Inference about Pricing Errors

Our testing approach is based on a simple idea. Let ei,t115mt11ri,t11.Then, (6)
is simply

Eðei; tþ1jItÞ ¼ 0:

15 That is, the CAPM is consistent with nonexistence of arbitrage opportunity, but it is in-
consistent with the complete markets paradigm. Dybvig and Ingersoll (1982) explain the issue
in detail.
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In other words, ei,t11 is not predictable by variables in It.Thus, a natural approach
is to run a regression

ei; tþ1 ¼ z0tdi þ ui; tþ1; ð11Þ

where zt is a q�1 vector of observed variables in It,16 and test if the regression
coefficients are zero. Apparently, the moment condition (6) implies that d5 0,
where d5ðd01 d02yd0nÞ0.
For statistical inference, we replacemt11with the nonparametric discount fac-

tor m̂mtþ1 as defined in (7), and estimate the parameter vector di by

d̂di ¼
1
N

XN
t¼1

ŵwtztz0t

 !�1
1
N

XN
t¼1

ŵwtztêei; tþ1

 !
; ð12Þ

for i51,y, n, where êei;tþ1 ¼ m̂mtþ1ri;tþ1, and the weighting function is set to be
ŵwt ¼ f̂fðxtÞĝgppðxtÞ.The weighting function is chosen because of a technical reason.
This choice makes it feasible to establish the large sample theory, which is other-
wise verycomplex.17 For the same reason, Powell, Stock, and Stoker (1989), Robin-
son (1989), and Lee (1992) have employed density weighting in designs of various
econometric methods.
The test that we propose is based on the weighted least squares estimator d̂dN,

where

d̂dN ¼ ðd̂d01 d̂d
0
2 	 	 	 d̂d

0
nÞ

0:

Intuitively, d̂dN converges to zero if the market portfolio p is conditionally mean-
variance efficient. Otherwise, the estimator converges to a nonzero limit in gen-
eral. So we can conduct a test by checking how far d̂dN is away from zero, using
asymptotic distribution theory to account for sampling errors. This regression
approach also provides a simple way to look into pricing errors. By design, our
test aims at detecting time variation in Jensen’s alphas. A significant component
of d̂dN indicates that the expected return errors are correlated with the corre-
sponding forecast variable.Thus, the test may lead to a simple view of time varia-
tion in the pricing errors. In applications, we may use (11) as a model for pricing
errors, that is, z0tdi may serve to approximate E(ei,t11It), the time-varying Jensen’s
alphas from (2).
Our test has an important property. Although we use nonparametric kernel

density and regression estimators in construction, the estimator d̂dN behaves like
a parametric estimator. It has a standard limiting multivariate normal distribu-

16Note that lagged one period behind mt11, zt can be any vector in It. In practice, a natural
choice is to set zt5xt, as we do in our empirical analysis.

17 Because of this choice, both N�1PN
t¼1 ŵwtztz0t and N�1PN

t¼1 ŵwtztêei; tþ1 can be expressed as
second-order generalized U-statistics, making it straightforward to analyze large sample
properties of d̂di. In contrast, rather complex technical issues arise in developing distribution
theory if we use weighting functions that do not give rise to simple U-statistic structures. (In
particular, the choice of setting ŵwt ¼ 1 does not yield U-statistic structures. This is why it is
not used here.) The weighting function chosen above is the simplest among those that yield U-
statistic structures.
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tion and, in particular, it converges at the fast parametric convergence rate.18 In
sum, under certain regularity conditions, and if h-0,Nh2k-N, andNh2k12-0,
then theweighted least squares estimator d̂dN is such that

ffiffiffiffiffi
N

p
ðd̂dN � dÞ has a limit-

ing multivariate normal distribution with mean 0 and variance^covariance ma-
trixO.Thus, with a consistent estimator ÔON ofO, we propose to use the following
test statistic

N d̂d0NÔO
�1
N d̂dN ;

which has a limiting chi-squared distribution with qn degrees of freedom under
the null hypothesis that the conditional CAPM holds. Details about both O and
ÔON are given in Appendix A.

C. Extensions for Multifactor Models

In this section, we provide two extensions for testing multifactor models. First,
we consider the case in which a parametric structure is proposed for excess re-
turns on the benchmark portfolio p. That is, the benchmark excess returns are
assumed to be a function of a l�1 parameter vector y, denoted as rp,t11(y). The
hypothesis is that the benchmark is conditionally mean-variance efficient for
some parameter value y0. Such parametric hypotheses are often of interest in em-
pirical asset pricing. For example, a conditional version of the Fama and French
(1993) three-factor model is such that a benchmark portfolio with time (t11) ex-
cess return

rp; tþ1ðyÞ ¼MKTtþ1 þ y1SMBtþ1 þ y2HMLtþ1 ð13Þ

is conditionally mean-variance efficient, where MKTt11 is the excess return on
the market portfolio, and SMBt11 and HMLt11 are returns on the mimicking
portfolios for the size and the book-to-market factors. Another example is the
model of Jagannathan and Wang (1996), which may be viewed as a conditional
two-factor model.This model predicts that abenchmark portfoliowith the return
equal to a linear combination of a stock market index and labor income growth
rate is conditionally mean-variance efficient.
We propose in this case an approach that combines the nonparametric test

with the GMM. For any given value of y, with rp,t11(y) replacing rp,t11, we can
obtain an estimator d̂dNðyÞ from equation (12). In general, the parameter vector y
is unknown.We proceedwith the standard GMM to estimate the parameters and
perform the overidentification test, treating d̂dNðyÞ as a set of regular moments.
Appendix B explains the method in detail. This procedure allows us to test the
parametric hypothesis without imposing any auxiliary functional form assump-
tions.
Next, we consider amore general version of multifactor models, a case inwhich

no parametric assumptions are made about the benchmark returns.To ease expo-
sition, we focus on the conditional Fama and French three-factor model. The

18 SeeWang (2002) for proofs and regularity conditions.
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hypothesis is that a benchmark portfolio with time (t11) excess return

rp; tþ1 ¼MKTtþ1 þ y1; tSMBtþ1 þ y2; tHMLtþ1 ð14Þ

is conditionally mean-variance efficient, where the proportions of the size and
book-to-market portfolios in the benchmark are not fixed constants, but instead
they are allowed to vary over time. Moreover, y1,t and y2,t are fully nonpara-
metric.19

In this nonparametric case, we propose a bootstrap-based inference approach.
Again, we focus on the SDF.The conditional three-factor model implies an SDFof
the form

mtþ1 ¼ 1� b0; tMKTtþ1 � b1; tSMBtþ1 � b2; tHMLtþ1; ð15Þ

given the maintained hypothesis that the benchmark with the return rp;tþ1 de-
fined in (14) is conditionally mean-variance efficient.20 We identify the time-vary-
ing coefficients b0,t, b1,t, and b2,t from the following set of three equations:

Etðmtþ1MKTtþ1Þ ¼ 0

Etðmtþ1SMBtþ1Þ ¼ 0

Etðmtþ1HMLtþ1Þ ¼ 0:

That is, we require the SDFmt11 to correctly price the three factors.
21 In matrix

form, these equations can be expressed as

Atbt ¼ ct;

where

At ¼
EtðMKT2tþ1Þ EtðMKTtþ1SMBtþ1Þ EtðMKTtþ1HMLtþ1Þ

EtðMKTtþ1SMBtþ1Þ EtðSMB2tþ1Þ EtðSMBtþ1HMLtþ1Þ
EtðMKTtþ1HMLtþ1Þ EtðSMBtþ1HMLtþ1Þ EtðHML2tþ1Þ

0
B@

1
CA

bt5 (b0,t b1,t b2,t)0, and ct5 (Et(MKTt11) Et(SMBt11) Et(HMLt11))0.
The SDFcan be estimated nonparametrically

m̂mtþ1 ¼ 1� b̂b0; tMKTtþ1 � b̂b1; tSMBtþ1 � b̂b2; tHMLtþ1

using the following estimate of bt

b̂bt ¼ ÂAt
�1
ĉct;

19 The three-factor model in such a general form has never been examined in the literature.
20A simple way to see this is to start with Et(mt11ri,t11)5 0 and show that Et(ri,t11) is line-

arly related to the conditional betas with the three factors. See Cochrane (2001) for discus-
sions on general equivalence between SDFand beta representations.

21Such an SDF is perfectly consistent with beta-pricing equations. For example, in the case
of the one-factor CAPM, requiring the SDF (i.e., mt1151�b(xt)rp,t11) to correctly price the
factor (i.e., Eðmtþ1rp; tþ1jxtÞ ¼ 0) yields the same b(xt) as obtained in Section I.B above. Also
note that all of the Fama^French three factors are in the form of difference between two
returns.
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where ÂAt and ĉct are obtained by replacing each element inAt and ctwith the ker-
nel regression function estimate (as in (9)).22

With the nonparametric SDFestimate m̂mtþ1, we repeat the procedure described
in Section I.B above to obtain

Td ¼ N d̂d0NÔO
�1
N d̂dN :

Based on this statistic, we test the conditional Fama and French model by apply-
ing the stationary bootstrap of Politis and Romano (1994). Appendix C explains
details of our application of the bootstrap. Resampling the data yields Nb boot-
strapped values of d̂dN , denoted as d̂d n

N; j, where j indexes theNb bootstrap samples.
We then construct the following statistics:

T n
d; j ¼ Nðd̂d n

N ; j � d̂dNÞ0ðÔO n

N; jÞ
�1ðd̂d n

N ; j � d̂dNÞ

for j51,y, Nb.We compareTd to the quantiles of T n
d; j to obtain the p-value for

statistical inference.23 Though the test statistic is constructed as that for the
one-factor conditional CAPM, the bootstrap approach takes into account extra
noises in estimating nonparametrically the SDF of the conditional three-factor
model, without making any auxiliary functional form assumptions.24

Finally, we end this section with a remark on simulation experiments that we
have conducted. Our inference approach is based upon asymptotic distribution
results. A critical question is whether it works in finite samples. For conditional
single factor models, Wang (2002) presents a Monte Carlo experiment which
shows that the nonparametric approach performs well.We have used a more com-
plicated data-generating process and get very similar results. In our simulation
study, we have included the nonparametric tests of the Fama and French (1993)
three-factor model and the Jagannathan and Wang (1996) two-factor model.We
have also considered a set of GMM tests to serve as the performance benchmark.
We find that the nonparametric tests of the multifactor models also perform
well.25

II. Empirical Results

In this section, we present test results for the conditional Sharpe^Lintner
CAPM, the conditional Jagannathan andWang (1996) model, and the conditional
Fama and French (1993) three-factor model.We also present results on testing if

22 For example, to get the estimate for Et(MKTt11SMBt11), simply replace rp,s11 with
MKTs11SMBs11 in (9).

23 That is, we useTd,j
n , j51,y, Nb, to approximate the distribution ofNðd̂dN � dÞ0ÔO�1

N ðd̂dN � dÞ,
which is the statisticTd under the null hypothesis that d5 0.This is a popular way to conduct
bootstrap-based tests. See Sullivan, Timmermann, and White (1999) for a recent application
in finance.

24With the bootstrap, we avoid rather complex asymptotics in the case of multifactor mod-
els as we need to cope with generalized U-statistics of order k11 for a conditional k factor
model. We leave this possibility to construct a procedure based on the limiting distribution
theory for future research.

25 The results are omitted, but available upon request.
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either the CAPM or the Fama and French model, in the flexible nonparametric
form, can explain the momentum profits.
We start with two sets of test portfolios. The first set consists of five NYSE

stock portfolios, which are the value-weighted NYSE size decile one, three, five,
seven, and nine portfolios (SZ1, SZ3, SZ5, SZ7, and SZ9, for short).With this set of
returns, we use the value-weighted portfolio of NYSE stocks as the market port-
folio. In the second set are five of the Fama and French (FF; 1993) size and book-
to-market portfolios that have the size-BE/ME quintile combinations SZ1/BM1,
SZ1/BM5, SZ3/BM3, SZ5/BM1, and SZ5/BM5.26 The variables SZ1 through SZ5
and BM1 through BM5 stand for the Fama^French quintiles on size and BE/
ME. Table I provides details. SZ1/BM1 refers to, for example, the portfolio of
stocks in the smallest size quintile (SZ1) and the lowest book-to-market equity
quintile (BM1).
The conditioning variables in our tests are the dividend price ratio (DPR), the

default premium (DEF), the one-month Treasury bill rate (RTB), and the excess
return on the NYSE equally weighted portfolio (EWR). These variables are se-
lected out of a larger set of 10 variables including the term premium (TERM), in-
dustry growth rate, inflation rate, short-end term structure slope, January
dummy, and excess return on the NYSE value-weighted index. The 10 variables
are lagged one month behind the stock returns.We run ordinary least squares
regressions and find that joint use of the three popular forecasters DPR, DEF,
and RTB drives out other variables in predicting the market, and EWR shows
up strongly in the second moment.27

A. Evidence for Nonlinearity

To set the stage for our tests, we first present some evidence for significance of
nonlinearity. First, we start with plots of conditional beta functions that are es-
timated nonparametrically. Next, we test for the presence of nonlinearity by ap-
plying the Sup LM method of Andrews (1993). Finally, we compare cross-
sectional forecasts generated by the nonparametric SDF and an SDF based on
linear conditional moments.
We estimate conditional betas of the size-BE/MEportfolios with respect to the

Fama and French three factors. For brevity, we only report plots of the betas of
SZ3/BM3 (i.e., a portfolio of medium size and medium book-to-market value) in
Figures 1, 2, and 3.The beta estimates are obtained from the standard kernel re-
gression estimates of the first two moments of returns, while confidence inter-
vals are constructed using the stationary bootstrap method of Politis and

26When using all 25 size-BE/ME portfolios, the test depends on the inverse of a 125�125
matrix, which causes numerical problems in our simulation experiments.To reduce the dimen-
sion of the matrix while keeping a good representation of the size-BE/ME portfolios, we de-
cide to use these five portfolios.

27We have also performed a set of nonparametric tests. The nonparametric tests do not re-
ject that the four variables DPR, DEF, RTB, and EWR are sufficient to characterize the first
two moments of the market, but produce rejections against dropping any one of the four.We
have used TERM as an additional conditioning variable to check robustness of our results.
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Table I
Summary Statistics of Data

Panel A presents summary statistics of monthly observations from January 1947 to December 1995 for port-
folio returns and conditioning variables defined below.The returns are arithmetic nominal rates of return
in excess of the one-month Treasury bill rate, measured in percent (multiplied by 100). The variable VWR
denotes the excess return on the value-weighted portfolio of NYSE common stocks.The variable SZN refers
to the excess return on the value-weighted portfolio of the Nth size decile NYSE stocks. The variable LBR
refers to the growth rate (in percent) on per capita personal labor income, which is constructed as
11LBRt5 (Lt�11Lt� 2)/(Lt� 21Lt� 3), where Lt�1 denotes the per capita labor income for month t�1. DPR
is the dividend yield (in percent) on the NYSE value-weighted index, measured as the sum of previous 12
months’ dividend payments divided by the level of the index. DEF is the Baa-rated corporate bond yield
minus that of the Aaa-rated bond. RTB is the one-monthT-bill yield. EWR is the excess return on the NYSE
equally-weighted index.TERM is theAaa-rated corporate bond yield minus the 1-monthT-bill yield. All the
bond or bill yields are annualized and measured in percent. Presented in Panel B are means and standard
deviations of excess returns on the 25 size and book-to-market portfolios of Fama and French (1993). The
sample period is from July 1963 to December 1995. The variables SZ1 through SZ5 stand for the five size
quintiles (from small to large), while BM1 through BM5 stand for the five book-to-market equity quintiles
(from low to high). Panel C is for the Fama-Frenchmimicking portfolios for three stock market factors.MKT
is excess return on a value-weighted portfolio of stocks listed on NYSE, AMEX, and NASDAQ that Fama
and French use to proxy for the market portfolio. SMB is return on a zero-investment portfolio constructed
to mimic the size factor. HML is return on a zero-investment portfolio constructed to mimic the book-to-
market factor. For more details on the 25 size-BE/ME portfolios and the factor mimicking portfolios, see
Fama and French (1993).

Panel A: NYSE Size Portfolios and ConditioningVariables

Variable Mean Std. dev. First auto. Cross correlations

SZ1 1.01 6.44 0.12
SZ3 0.82 5.39 0.14 0.94
SZ5 0.77 4.94 0.13 0.89 0.97
SZ7 0.75 4.66 0.12 0.84 0.94 0.97
SZ9 0.71 4.33 0.07 0.77 0.88 0.92 0.97
VWR 0.65 4.06 0.04 0.73 0.85 0.90 0.95 0.97
DPR 4.03 1.06 0.98
DEF 0.92 0.43 0.97 0.19
RTB 4.64 2.99 0.97 0.00 0.64
EWR 0.77 4.84 0.14 � 0.04 0.12 � 0.11
TERM 2.22 1.47 0.91 � 0.12 0.39 � 0.10 0.11

Panel B: The Fama and French Size-BE/ME Portfolios

Means Standard Deviations

BM1 BM2 BM3 BM4 BM5 BM1 BM2 BM3 BM4 BM5

SZ1 0.29 0.72 0.80 0.95 1.08 7.48 6.58 5.98 5.69 5.99
SZ2 0.51 0.71 0.89 0.93 1.06 6.98 6.09 5.57 5.12 5.82
SZ3 0.46 0.65 0.74 0.86 1.06 6.37 5.38 4.99 4.68 5.37
SZ4 0.53 0.42 0.64 0.80 1.03 5.74 5.15 4.86 4.71 5.52
SZ5 0.42 0.43 0.41 0.59 0.74 4.73 4.52 4.20 4.12 4.81

Panel C: The Fama and FrenchThree Factors

Variable Mean Std. dev. First auto. Correlations

MKT 0.48 4.32 0.05
SMB 0.25 2.84 0.17 0.31
HML 0.42 2.53 0.20 � 0.37 � 0.10
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Romano (1994).28 To cope with the curse of dimensionality, we focus on ‘‘one-di-
mensional snapshots.’’ While betas are estimated as multivariate functions, we
look at univariate functions, that is, relations between one conditioning variable
and betas, keeping all the other conditioning variables at their means.29 By doing
so, we focus on areas where we have more data (as opposed to areas where there
are few data points) and also avoid the problem of how to plot four-dimensional
functions.
The plots of Figures 1through 3 provide suggestive evidence for nonlinear con-

ditional betas.This should not be surprising as there is no theoretical reason to
expect betas to be linear in the conditioning variables.Visually, none of the betas
with respect to the Fama and French three factors is close to a linear function. In
contrast, many of the panels, such as Panel B of Figure 1, Panels A and C of
Figure 2, and Panels B and D of Figure 3, suggest that the betas are highly non-
linear.We have also inspected plots of betas for the other size-BE/ME portfolios
and the NYSE size portfolios. In sum, these plots generally suggest the presence
of nonlinearity in conditional betas, as well as that the beta function differs sig-
nificantly across test assets.
While the beta function plots are suggestive, the estimates are too noisy in

many cases, in view of the confidence intervals.30 To draw a clear conclusion, we
perform the Sup LM tests of Andrews (1993).We test a set of moment conditions
associated with the explicit beta model of Ghysels (1998) using our data.31 Like
Ghysels, we also find extremely strong rejections. Panel A of Table II shows that
rejections are obtained at one percent in most cases.The results indicate that the
convenient linear specifications are totally inadequate.
Finally, we compare the nonparametric SDFand an SDF based on linear mo-

ments in terms of their cross-sectional forecasts.We divide the sample into two
parts (of equal length). For each timepoint t in the second half, weuse the dataup
to time t�1 to estimate the SDF

mt ¼ 1� gpðxt�1Þ
gppðxt�1Þ

� �
rp; t;

where rp,t is the market excess return, gpðxt�1Þ ¼ Eðrp; tjxt�1Þ, and
gppðxt�1Þ ¼ Eðr2p; tjxt�1Þ. We first use standard linear regressions to estimate gp
and gpp to obtain a parametric SDF, and next use the nonparametric regressions

28 To estimate betas, the moments Et(ri,t11), Et(rp,t11), Et(r
2
p,t11), and Et(ri,t11rp,t11) are esti-

mated by standard kernel regressions, which are used to compute covt(ri,t11,rp,t11), vart(rp,t11),
and hence bi,t.

29 In each panel, we consider only the interval of the conditioning variable that ranges from
two standard deviations below its mean to two standard deviations above the mean. To pre-
sent more consistently, we rescale the interval to range from 0 to 200 (so that 100 represents
the mean of the variable in each case).

30 This illustrates the curse of dimensionality and shows that it is difficult to get precise
nonparametric estimates of the nonlinear beta functions.

31Table II provides the set of moment conditions. See Ghysels (1998) and Andrews (1993) for
more details.
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to estimate gp and gpp to get the nonparametric SDF. Then, we compare perfor-
mances, or pricing errors, of the one-step ahead forecasts of the two SDFs.
Panel B of Table II reports the average forecast errors of the two SDFs over

time for each portfolio in the cross section.32 For the NYSE size portfolios, the
nonparametric SDF does a significantly better job in every case. For the 25 FF
portfolios, the nonparametric SDFalso performs better. It outperforms the para-

Figure1. Plots of the market factor beta.The multivariate beta function is estimated
nonparametrically.The solid lines are plots of one-dimensional snapshots for the relation
between thebeta and one conditioning variable, while the other variables are fixed at their
means.The pairs of dashed lines represent 95 percent confidence intervals.The plots cor-
respond to an interval for the variable that ranges from two standard deviations below the
mean to two standard deviations above.The intervals are rescaled to range from 0 to 200
(so 100 represents the location of the mean in each case).

32 Following Cochrane (1996, 2001), the average forecast error of a SDF m̂mt for the ith asset is

1
N�N0

PN
t¼N0þ1 m̂mtri; t

1
N�N0

PN
t¼N0þ1 m̂mt

;

where N0 is the end point of the first half of the sample.
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metric SDF in almost all the cases (except one), and the margin of the outperfor-
mance is substantial for most portfolios.33 These results suggest that nonlinear-
ity in the first two conditional moments of the market return is important, and
the nonparametric SDF is a solution that may have significant value.

B. Testing the Conditional CAPM

Weuse both the NYSE size portfolios and the size-BE/MEportfolios to test the
conditional CAPM.We report results based on the normal kernel and the set of

Figure 2. Plots of the size factor beta.The multivariate beta function is estimated non-
parametrically.The solid lines are plots of one-dimensional snapshots for the relation be-
tween the beta and one conditioning variable, while the other variables are fixed at their
means.The pairs of dashed lines represent 95 percent confidence intervals.The plots cor-
respond to an interval for the variable that ranges from two standard deviations below the
mean to two standard deviations above.The intervals are rescaled to range from 0 to 200
(so 100 represents the location of the mean in each case).

33We have also compared the forecasts using industry portfolios. The results give the same
conclusion.
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the four conditioning variables DPR, DEF, RTB, and EWR.34 In sensitivity ana-
lyses, we have used the higher order kernel.We have considered small changes in
the bandwidth. We have also checked results when adding the term premium
(TERM) to the conditioning information set. The test results are qualitatively
robust. For brevity, these robustness checking results are omitted.
Our tests strongly reject the conditional Sharpe^Lintner CAPM. In Table III,

Panel A shows that the conditional mean-variance efficiencyof theNYSEmarket
proxy is rejected at p-value of 0.008, using the NYSE size portfolios as test assets.

Figure 3. Plots of the book-to-market factor beta. The multivariate beta function is
estimated nonparametrically. The solid lines are plots of one-dimensional snapshots for
the relation between the beta and one conditioning variable, while the other variables
are fixed at their means.The pairs of dashed lines represent 95 percent confidence inter-
vals. The plots correspond to an interval for the variable that ranges from two standard
deviations below the mean to two standard deviations above. The intervals are rescaled
to range from 0 to 200 (so 100 represents the location of the mean in each case).

34We utilize the simulation results to back up the empirical analysis. Our setup for the
analysis with historical data is identical to that for the simulation experiment.With the ac-
tual data, we go through exactly the same test procedures that we have carried out in the
simulations.
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Table II
Evidence for Nonlinearity

The vector of conditioning variables is xt5 (DPRt DEFt RTBt EWRt)0 and the vector of regressors is
zt5 (1 x0

t)0 in our tests. Panel A presents the Sup LM tests of Andrews (1993) against a set of moment condi-
tions (which is the explicit beta model of Ghysels (1998))

E

ri; tþ1 � z0td1
..
.

rn; tþ1 � z0tdn
rM; tþ1 � z0tdM
z0td1 � z0tb1z

0
tdM

..

.

z0tdn � z0tbnz
0
tdM

0
BBBBBBBBBB@

1
CCCCCCCCCCA

� zt ¼ 0:

These moment conditions are implied by assumptions that expected excess returns of the n test assets and
the market portfolio, as well as the conditional betas are all linear in z.That is,Etðri;tþ1Þ ¼ z0tdi for i51,y, n;
EtðrM; tþ1Þ ¼ z0tdM ; bi; t ¼ z0tbi for i51, 	 	 	 , n. Nine of the Fama and French size and book-to-market portfolios
are used as test assets. Rejections at ten percent appear in the table with n, at five percent with n n, and at
one percent with n n n. Panel B presents cross-sectional forecasts. First, the sample is split into two parts of
equal lengths. For each time point t in the second half, we use the data up to time t�1 to estimate the SDF
mt ¼ 1� ðgpðxt�1Þ=gppðxt�1ÞÞrp; t, where rp; t is the market excess return, gpðxt�1Þ ¼ Eðrp;tjxt�1Þ and
gppðxt�1Þ ¼ Eðr2p; tjxt�1Þ.We first use standard linear regressions to estimate gp and gpp to obtain a parametric
SDF, and next use the nonparametric regressions to estimate gp and gpp to get a nonparametric SDF.Then
the average forecast errors, or pricing errors, of the two SDFs are reported for all the portfolios in the cross
section. Two cross sections are considered: the 5 NYSE size portfolios and the 25 size and book-to-market
portfolios.

Panel A: Sup LM Test Results

Size-BE/ME Portfolio Constant DPR DEF RTB EWR

SZ1/BM1 24.129 n n n 24.552 n n n 22.753 n n n 24.083 n n n 13.046 n

SZ1/BM3 20.299 n n n 19.081n n n 18.293 n n n 17.612 n n 10.744
SZ1/BM5 25.675 n n n 23.034 n n n 21.394 n n n 22.347n n n 15.976 n n

SZ3/BM1 22.302n n n 25.052n n n 20.351 n n n 24.351n n n 17.028n n

SZ3/BM3 33.010n n n 31.305 n n n 28.066 n n n 34.403n n n 20.563 n n n

SZ3/BM5 40.885n n n 38.555 n n n 33.041 n n n 42.386n n n 15.581n n

SZ5/BM1 38.722 n n n 34.585 n n n 32.253 n n n 38.078n n n 12.626 n

SZ5/BM3 39.710 n n n 27.570 n n n 34.413 n n n 35.796 n n n 17.993 n n n

SZ5/BM5 41.109 n n n 37.699 n n n 35.675n n n 36.828n n n 15.796n n

Panel B: Cross-Sectional Forecasts

NYSE Size Portfolios

The Parametric SDF The Nonparametric SDF

SZ1 SZ3 SZ5 SZ7 SZ9 SZ1 SZ3 SZ5 SZ7 SZ9

0.75 0.51 0.53 0.48 0.46 0.44 0.25 0.32 0.20 0.23

Size-BE/ME Portfolios

The Parametric SDF The Nonparametric SDF

BM1 BM2 BM3 BM4 BM5 BM1 BM2 BM3 BM4 BM5

SZ1 � 0.01 0.66 0.69 0.78 0.84 � 0.46 0.35 0.38 0.62 0.63
SZ2 0.38 0.75 0.93 1.04 0.91 � 0.07 0.37 0.65 0.73 0.61
SZ3 0.52 0.66 0.76 0.77 1.12 0.13 0.32 0.44 0.51 0.87
SZ4 0.64 0.62 0.64 0.61 0.97 0.23 0.24 0.30 0.36 0.74
SZ5 0.60 0.67 0.57 0.68 0.83 0.30 0.36 0.30 0.44 0.69
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Table III
Testing the Conditional CAPM

The vector of conditioning variables is xt5 (DPRt DEFt RTBt EWRt)0 and the vector of regressors is
zt5 (1 x0

t)0 in our tests.Two sets of test portfolios are used. One consists of the five NYSE size portfolios
SZ1, SZ3, SZ5, SZ7, and SZ9.The sample period is from February 1947 to December 1995.The other consists
of the five size-BE/ME portfolios SZ1/BM1, SZ1/BM5, SZ3/BM3, SZ5/BM1, and SZ5/BM5. The sample is
from July 1963 to December 1995. Panel A presents results from tests for the significance of each regressor
as well as the joint tests.The tests of significance (across equations) of each regressor are constructed as
follows. To test Hd5 0, where H is a n� qn matrix, the test statistic is NðH d̂dN Þ0ðHÔONH 0Þ�1ðH d̂dN Þ, which
has a limiting w2(n) distribution.The p-value is the probability that a draw from the chi-squared distribu-
tion exceeds the test statistic. In Panel B are theWLS regression coefficient estimates, with the estimated
standard errors in parentheses. In Panel A and Panel B, the variable regressors are the conditioning vari-
ables minus their means. Panel C presents means and standard deviations of estimated pricing errors of
the conditional CAPM for the 25 size and book-to-market portfolios. The pricing errors are estimated by
theWLS regression method described in Appendix E.

Panel A: Test Statistics and p-Values

Joint Test Significance of Individual Regressors

(All Regressors) Intercept DPR DEF RTB EWR

NYSE size portfolios
w2 -stat 45.0 2.4 2.6 11.1 8.6 29.6
p-value 0.008 0.793 0.758 0.049 0.127 0.000
Size-BE/ME portfolios
w2 -stat 62.1 14.6 7.6 8.3 8.5 22.7
p-value 0.000 0.012 0.178 0.142 0.130 0.000

Panel B: TheWLS Regressions

Intercept DPR DEF RTB EWR

NYSE size portfolios
SZ1 0.08 (0.19) � 0.18 (0.16) � 0.05 (0.75) � 0.04 (0.14) 0.21 (0.05)
SZ3 � 0.02 (0.13) � 0.08 (0.11) 0.42 (0.54) � 0.10 (0.10) 0.11 (0.03)
SZ5 0.00 (0.11) � 0.03 (0.09) 0.60 (0.47) � 0.09 (0.09) 0.09 (0.03)
SZ7 0.00 (0.08) � 0.01 (0.08) 1.01 (0.42) � 0.16 (0.07) 0.04 (0.03)
SZ9 0.03 (0.06) 0.03 (0.07) 0.77 (0.39) � 0.13 (0.06) � 0.01 (0.02)
Size-BE/ME Portfolios
SZ1/BM1 � 0.26 (0.27) 1.46 (0.77) � 1.68 (0.92) � 0.24 (0.28) 0.23 (0.07)
SZ1/BM5 0.34 (0.22) 1.11 (0.52) � 1.22 (0.74) � 0.28 (0.21) 0.23 (0.06)
SZ3/BM3 0.17 (0.15) 1.02 (0.39) � 0.04 (0.59) � 0.33 (0.14) 0.09 (0.04)
SZ5/BM1 � 0.01 (0.11) 0.30 (0.30) � 0.18 (0.40) � 0.15 (0.11) � 0.05 (0.03)
SZ5/BM5 0.15 (0.14) 0.47 (0.40) 0.33 (0.65) � 0.29 (0.13) � 0.03 (0.05)

Panel C: Pricing Errors of the Conditional CAPM

Average Standard Deviation

BM1 BM2 BM3 BM4 BM5 BM1 BM2 BM3 BM4 BM5

SZ1 � 0.26 0.11 0.17 0.39 0.34 1.31 1.19 1.23 1.21 1.32
SZ2 � 0.18 0.05 0.34 0.32 0.31 0.95 1.04 0.88 0.84 0.84
SZ3 � 0.20 0.01 0.17 0.35 0.41 0.83 0.89 0.80 0.77 0.64
SZ4 � 0.09 � 0.08 0.06 0.23 0.44 0.54 0.75 0.58 0.59 0.56
SZ5 � 0.01 0.04 0.02 0.12 0.15 0.38 0.43 0.54 0.43 0.52
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The significance tests of individual regressors show that this rejection comes
largely from the conditioning variable EWR, which produces a huge test statistic
(around 30 for w2(5)). For the size and book-to-market portfolios, our test rejects
with a p-value of 0.0 percent that the market portfolio is conditionally mean-var-
iance efficient. Still, the lagged market index EWR generates the largest test sta-
tistic in the regressor significance tests. The intercepts for the size-BE/ME
portfolios are also highly significant with a p-value around one percent.35

TheWLS regression results in Panel B provide more details about the Jensen’s
alphas.The conditional CAPM does not seem to have any difficulty pricing aver-
age returns on the NYSE size portfolios.The intercepts or average pricing errors
are small, only between � 0.02 percent and 0.08 percent, and are statistically in-
significant. However, for small- to medium-size portfolios (SZ1, SZ3, SZ5), the pri-
cing errors are positively correlated with the stock market index EWR, and the
slopes on EWR are salient, about three or four standard errors above zero.These
slopes are also large in economic terms, in the sense that they indicate very vola-
tile pricing errors. Note that the pricing error components 0.21EWR, 0.11EWR,
and 0.09EWR in the three regressions have standard deviation of 1.02 percent,
0.53 percent, and 0.44 percent, respectively.The slopes onEWR are clearly related
to size.The slope falls strictly with size from 0.21 to � 0.01.To a great extent, this
determines a negative size pattern in the pricing error volatilities. The regres-
sions with the size and BE/ME portfolios confirm the pattern of loadings on
EWR. We also find the same pattern when replacing EWR with the value-
weighted indexVWR.
Are there significant size and book-to-market effects in the pricing errors of

the conditional CAPM? In Panel C, we present the time-series means and stan-
dard deviations of the pricing errors using the 25 size-BE/ME portfolios. The
panel shows that there are strong size and book-to-market effects, and interest-
ingly, the effects appear to be in different dimensions.The average pricing errors
are obviously related to book-to-market equity. In every size quintile, the means
tend to increase with BE/ME. On average, they increase strictly from � 0.16 per-
cent in the lowest BE/ME quintile to 0.33 percent in the highest. There is, how-
ever, no clear size pattern in the average pricing errors, which is consistent
with the regression results for the NYSE size portfolios. On the other hand, the
standard deviations of the pricing errors show a strong negative relation to size,
but no clear BE/ME pattern.36

35We let the four regressors be the conditioning variables minus their means, so that the
intercepts are just average pricing errors. This transformation does not affect estimation and
inference for slopes on the nonconstant regressors. Nor does it alter the joint statistic and
pricing error estimates. For inference about the intercepts (which is affected), we ignore esti-
mation noise in the sample means of the regressors. This is equivalent to assuming that the
regressors are observed in deviation form.

36 The absence of size effect in average pricing errors seems consistent with results of Knez
and Ready (1997), who questioned the robustness of the size factor in explaining average re-
turns. Our pricing error estimates are based upon theWLS method.We also used the kernel
regression method. The conclusions are identical. Appendix E provides details of the two es-
timation methods.
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Ghysels (1998) points out that if we correctly specify the dynamics of the beta
risk, time-varying beta models are sure to outperform constant beta models.Yet
he argues that if beta risk is misspecified, we may commit serious pricing errors
that could be even bigger than a constant beta model, and he shows that this has
indeed happened in many cases. Does the nonparametric version of the condi-
tional CAPM outperform the unconditional CAPM? We find that the nonpara-
metric conditional CAPM performs much better than the constant beta version,
for each and every one of our test portfolios! In Figure 4, we plot the means and
standard deviations of the pricing errors. Clearly, the conditional CAPM is a sub-
stantial improvement over the static CAPM, in terms of both the average and the
volatility of the Jensen’s alphas.To some extent, Figure 4 confirms that our non-
parametric approach works well.37 It also illustrates that there are significant
payoffs in studying conditional asset pricing models.

C. Labor Income Risk

Jagannathan and Wang (1996) propose an appealing model that has become
one of the most influential models in empirical asset pricing. Jagannathan and

Figure 4. Pricingerrors of the conditional CAPMand theunconditional CAPM.The
pricing errors (Jensen’s alphas) of the conditional CAPMare computed by theWLS regres-
sion method described in Appendix E. The pricing errors of the unconditional CAPM,
which has the pricing kernel mt ¼ 1� b0MKTt, are obtained using the same regression
approach. The summary statistics in Panels A and B are for the NYSE size portfolios.
Those in Panels C and D are for the size and book-to-market portfolios.

37 See also Panel B of Table II.
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Wang argue that it is important to include labor income risk. They find that a
labor income risk factor plays a significant role in explaining cross-sectional var-
iation in average stock returns.38 Their labor income risk factor is motivated as a
proxy for return on human capital. Alternatively, their model may be viewed as a
conditional two-factor model.
We test the two-factor model assuming that the benchmark portfolio has re-

turn of the form (1� y)MKTt1yLBRt, where LBRt is the labor income risk factor,
measured as the per capita labor income growth rate. The variable MKTt is a
stock market index. Our tests strongly reject that the benchmark is conditionally
mean-variance efficient. Panel Aof Table IV shows that the model is rejectedwith
p-values belowone percent for both theNYSE size portfolios and the size-BE/ME
portfolios. Estimates of the parameter y are small and statistically insignificant,
showing no support for significance of the labor income risk factor.
The labor income risk factor does not helpmuch in capturing dynamics of asset

returns. Panel B presents minimums of three summary measures of the pricing
errors that can be achieved with the free parameter y.The measures are average
absolute bias (AAB), average standard deviation (ASD), and average root mean
squared error (ARMSE). Detailed definitions are given in Appendix E. As the
panel shows, theARMSE cannot achieve any significant reduction with the free
parameter y.The minimums of ARMSE in the two cases are 0.59 percent and 0.82
percent, respectively, compared to 0.61 percent and 0.84 percent for the condi-
tional CAPM without the labor income risk factor.
Why are our results different from those of Jagannathan andWang (1996)? Pa-

nel A of Figure 5 points to an explanation. Plotted in this panel are the two sum-
mary measures AAB and ASD of the pricing errors for the 25 size and BE/ME
portfolios. It shows that the labor income factor can hardly reduce the pricing
error volatility to any significant extent.This is why it receives strong rejections
in our tests. Consistent with the finding of Jagannathan andWang, however, the
labor income factor can significantly reduce average pricing errors.TheAABhas
the minimum value of 0.13 percent, obtained at y5 0.94, which is more than a 30
percent reduction of the bias 0.19 percent at y5 0.39 This suggests that Jagan-
nathan andWang obtain favorable results because their tests are focused on aver-
age pricing errors. In fact, their target is to consider only pricing average returns
and they do not challenge the model with dynamics of asset returns.40

D. Size and Book-to-Market

We perform tests of the conditional Fama and French three-factor model using
the size and book-to-market portfolios. In the most general form, the model pre-

38Using Japanese stock return data but an unconditional four-factor model, Jagannathan,
Kubota, and Takehara (1998) also find that a labor income risk factor is significant in explain-
ing average stock returns.

39 Similarly, Jagannathan andWang get estimates of the fraction parameter y that are close
to 1.0.

40 In the GMM tests, they do not use any conditioning instrument to scale returns on test
portfolios.
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dicts the conditional mean-variance efficiency of a benchmark portfolio with
time (t11) excess return

MKTtþ1 þ y1; tSMBtþ1 þ y2; tHMLtþ1;

whereMKTt11 is excess return on the market portfolio, and SMBt11 and HMLt11
are returns on the mimicking portfolios for the size factor and the book-to-mar-
ket factor, respectively.41We consider two versions of the model:

FF1: y1,t5 y1 and y2,t5 y2,
FF2: y1,t and y2,t are nonparametric.

Table IV
Labor Income Risk Factor

This table presents results on testing the Jagannathan andWang (1996) model.The model pre-
dicts the conditional mean-variance efficiency of a benchmark portfolio that has return of the
form (1� y)MKTt1yLBRt, whereMKTt is a stock market index and LBRt is the per capita labor
income growth rate.We letMKTt be the NYSEvalue-weighted index whenusing the five NYSE
size portfolios as test assets.The sample is from February 1947 to December 1995. In the second
set of test assets are the five size-BE/ME portfolios (SZ1/BM1, SZ1/BM5, SZ3/BM3, SZ5/BM1,
SZ5/BM5), and we let MKTt be the market factor of Fama and French.The sample is from July
1963 to December1995.The vector of conditioning variables is xt5 (DPRtDEFtRTBtEWRt)0 and
the vector of regressors is zt ¼ ð1x0tÞ0 in our tests. Panel A reports test results. The weighting
matrix is the inverse of ÔONðyÞ that is being updated through iteration.The matrix is evaluated
at zero (y50) for the first stage estimation and evaluated at the first-stage estimate of y for the
second stage estimation.The results at the end of the second round are reported.The p-value is
the probability that a draw from the chi-squared distribution exceeds the test statistic. Panel B
reports three summary measures of pricing errors detailed in Appendix E. The measures are
average absolute bias (AAB), average standard deviation (ASD), and average root mean squared
error (ARMSE).This panel also includes the minimum of the test statistic (minT).The pricing
errors are estimated by theWLS regression method described in Appendix E.

Panel A: Test Results

Test Assets w2 -statistic p-value estimate of y std. err.

NYSE Size Portfolios 45.0 0.006 0.04 0.27
Size-BE/ME Portfolios 61.5 0.000 0.35 0.24

Panel B: Pricing Errors

5 NYSE Size Portfolios 25 Size-BE/ME Portfolios

AAB ASD ARMSE minT AAB ASD ARMSE minT

y5 0.0 0.03 0.61 0.61 45.0 0.19 0.80 0.84 204.1
Min 0.03 0.56 0.59 44.9 Min 0.13 0.80 0.82 203.1
y n 0.01 0.77 0.52 0.08 y n 0.94 0.42 0.50 0.24

41Note that MKTt111y1,tSMBt111y2,t HMLt11 indeed represents excess return on a risky
portfolio, no matter whether there are any restrictions on y1,t and y2,t or not.
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In FF1, the proportions y1,t and y2,t are assumed to be constant over time.This
version is convenient to provide a simple illustration about the size and book-to-
market effects, which may play different roles. In the case of FF2, the benchmark
is in its most general form: No parametric restrictions are made on y1,t and y2,t. A
conditional form of the three-factor model as general as FF2 has not been exam-
ined before in the literature.42

Table V presents the test results using the size and BE/ME portfolios as test
assets. The version FF1 is strongly rejected with a p-value as low as 0.1 percent.
The estimates of y1and y2 are above two standard errors from zero, showing some
support for the two factors.43 The version FF2 is not rejected by the bootstrap
test, with the p-value around 21 percent. In terms of the pricing errors, FF1 has
some limited improvement over the conditional CAPM. All the three pricing er-
ror measures of FF1are smaller than those of the CAPM.The nonparametric ver-
sion FF2 does a much better job, showing that the conditional FFmodel captures
the prominent features of the conditional CAPM pricing errors. Used together,

TableV
Size and Book-to-Market

This table presents results on testing the conditional Fama and French (1993) three-factor mod-
el.The hypothesis is that a benchmark portfolio with time (t11) excess return

MKTtþ1 þ y1; tSMBtþ1 þ y2; tHMLtþ1

is conditionally mean-variance efficient. MKTt11 represents excess return on the market port-
folio. The variables SMBt11 and HMLt11 are returns on the mimicking portfolios for the size
factor and the book-to-market factor, respectively. Two versions are being tested: FF1: y1,t5 y1
and y2,t5 y2, and FF2: both y1,t and y2,t are nonparametric. The tests use the five size-BE/ME
portfolios (SZ1/BM1, SZ1/BM5, SZ3/BM3, SZ5/BM1, SZ5/BM5).The sample is from July 1963 to
December 1995. The vector of conditioning variables is xt5 (DPRt DEFt RTBt EWRt)0 and the
vector of regressors is zt ¼ ð1 x0tÞ

0 in our tests. The p-value is the probability that a draw from
the chi-squared distribution exceeds the test statistic. The table also reports three summary
measures of pricing errors estimated by theWLS regression method described in Appendix E.
The measures are average absolute bias (AAB), average standard deviation (ASD), and average
root mean squared error (ARMSE).The pricing errors are evaluated using all 25 size and book-
to-market portfolios.

w2 -statistic p-value AAB ASD ARMSE

Conditional CAPM
y1,t5 y2,t5 0 62.1 0.000 0.19 0.80 0.84

Conditional Fama-French Model
FF1: y1,t5 y1, y2,t5 y2 48.8 0.001 0.17 0.74 0.77
FF2: y1,t, y2,t nonparametric 38.4 0.210 0.13 0.28 0.32

42 Even though it is much simpler than FF2, FF1 avoids auxiliary restrictions on betas and
conditional moments of the benchmark returns.

43 FF1 and FF2 are tested using the two methods explained in Section I.C. For FF1, the
estimates (standard errors) of y1 and y2 are 2.67 (0.72) and 1.03 (0.38), respectively. They are
not reported in the table.
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the size and book-to-market factors can significantly reduce either the bias mea-
sure (AAB) or the volatility measure (ASD) of the pricing errors. In terms of the
joint measure, theARMSE of FF2 drops to 0.32 percent, which is less than a half
of the ARMSE value 0.84 percent of the CAPM. Plots of AAB and ASD of FF1
show that when used alone, either the size factor or the book-to-mark factor is
effective in some way. The size factor can significantly reduce the pricing error
volatility, as suggested by Panel B of Figure 5 (in which y1 is free but y25 0). On
the other hand, the book-to-market factor is effective on bias reduction, as shown
in Panel C of Figure 5 (in which y2 is free but y150).44

Our finding that the nonparametric version FF2 performs well differs from
those of recent studies by He et al. (1996), Ferson and Siegel (1998), and Ferson
andHarvey (1999). As in our case of FF1, these tests strongly reject some dynamic
specifications of the Fama and French three-factor model. The difference sug-
gests that modeling assumptions of betas, risk premia, and/or the SDF play a cri-
tical role in evaluation of conditional asset pricing models. In particular, the
evidence provided by Ghysels (1998) and the evidence for nonlinearity that we
find suggest that the test results may be seriously affected by the convenient lin-
earity assumptions.45 Consistent with this explanation, we find favorable evi-
dence for the general nonparametric version of the conditional Fama and
French three-factor model.

E. Momentum

Now we challenge the conditional CAPM and the conditional Fama and
French three-factor model with momentum portfolios. It is well known that the
momentum effect documented by Jegadeesh and Titman (1993) has been one of
the most serious anomalies to the unconditional versions of the CAPM and the
Fama and French model. Surprisingly, however, little is known about abilities of
conditional models to explain the momentum. Here we evaluate the time-varying
expected returns and momentum profits using the nonparametric versions of the
conditional CAPM and the conditional Fama and French model.
We focus on momentum in industry portfolios and the size-BE/ME portfolios.

First, we sort the industry portfolios of Moskowitz and Grinblatt (1999) in each
month according to their returns of the previous month.TableVI reports results
of two tests.Test 1 uses the winner and loser portfolios: The winner is the indus-
try portfolio that has the highest return in the previous month, while the loser is
the one that has the lowest return in the preceding month.Test 2 uses five portfo-
lios which are the 1st (winner), 5th, 10th, 15th, and 20th (loser) in the return per-
formance ranking of the preceding month.The 20 industry returns are from July

44As in the CAPM case, the conditional Fama and French model significantly outperforms
its unconditional version.The plots for the Fama and French model (like those of Figure 4) are
omitted for brevity.

45 Ferson and Harvey (1999) assume linear forms for time-varying betas. Ferson and Siegel
(1998) assume a linear form for the SDF. He et al. (1996) also impose some auxiliary linearity
assumptions.
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1963 to July 1995. The nonparametric test statistics and associated p-values are
reported. Next we report results for the 25 size-BE/ME portfolios in Panel B.46

Here Test 2 uses five portfolios which are the 1st (winner), 5th, 13th, 20th, and
25th (loser) in the return performance ranking of the preceding month.The two
panels are otherwise identical in construction.

Figure 5. Effects on pricing errors of the conditional CAPM when including an ad-
ditional factor.Two pricing error measures are plotted.The variableAAB represents the
average absolute bias and ASD represents the average standard deviation (defined in Ap-
pendix E). On the horizontal axis is the fraction of the factor in the benchmark portfolio.
Panels A, B, and C correspond to the addition of the labor income risk factor, the size fac-
tor, and the book-to-market factor, respectively.

46We start with the industry portfolios as Moskowitz and Grinblatt (1999) find that momen-
tum profits may be explained by industries.We use the size-BE/ME portfolios as a robustness
check.
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TableVI also reports the average returns of winners and losers and the differ-
ence between the average returns (W�L), as well as the fraction of times that the
winner outperforms the loser (P(W4L)).The next row replaces time t11 realized
returns of time t winner or loser with the conditional expected returns of
the time t winner or loser obtained using either the conditional CAPM or the

TableVI
Momentum

This table presents results on testing the conditional CAPM and the conditional Fama and
French three-factor model using momentum portfolios. The nonparametric version of the
Fama-French model (i.e., FF2 in TableV) is being considered in this table. For Panel A, the in-
dustry portfolios of Moskowitz and Grinblatt (1999) are sorted for each month according to
their returns of the previous month.Two tests are performed.Test 1 uses the winner and loser
portfolios: the winner is the industry portfolio that has the highest return in the previous
month, while the loser is the one that has the lowest return in the preceding month.Test 2 uses
five portfolios, which are the 1st (winner), 5th, 10th, 15th, and 20th (loser) in the return perfor-
mance ranking of the preceding month.The 20 industry returns are fromJuly 1963 to July 1995.
The nonparametric test statistics and associated p-values are reported.The table also reports
the averages of returns (rt11) of winners, losers, and the difference of average returns (W�L), as
well as the fraction of times that the winner outperforms the loser (P(W4L)). The next row
replaces the time t11 winner or loser returns with the conditional expected returns (i.e.,
Et(rt11)) of time twinner or loser obtained using either the conditional CAPMor the conditional
Fama-French model, respectively. For panel B, instead of the 20 industry portfolios, we use the
25 size and book-to-market portfolios of Fama and French, and the 5 portfolios forTest 2 are the
1st (winner), 5th,13th, 20th, and 25th (loser) in the return performance ranking of the preceding
month. Otherwise, the two panels A and B are identical in construction.

Panel A: Industry Momentum

Conditional CAPM Conditional Fama-French

test 1 test 2 test 1 test 2

stat p-value stat p-value stat p-value stat p-value

21.2 0.020 31.6 0.170 14.7 0.236 25.4 0.560

Winner Loser W�L P(W4L) Winner Loser W�L P(W4L)

rt11 0.81 � 0.36 1.16 0.57 0.81 � 0.36 1.16 0.57
Et(rt11) 0.71 0.16 0.54 0.63 1.05 0.09 0.95 0.70

Panel B: Size-BE/MEMomentum

Conditional CAPM Conditional Fama-French

test 1 test 2 test 1 test 2

stat p-value stat p-value stat p-value stat p-value

34.7 0.000 63.3 0.000 15.6 0.120 33.9 0.268

Winner Loser W�L P(W4L) Winner Loser W�L P(W4L)

rt11 1.03 � 0.41 1.45 0.66 1.03 � 0.41 1.45 0.66
Et(rt11) 0.78 0.30 0.48 0.63 1.20 0.19 1.01 0.70
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conditional Fama and French model, respectively.47 The goal is to see if winners
tend to have higher conditional expected returns than losers, a hypothesis for-
warded by Conrad and Kaul (1998) and Chordia and Shivakumar (2002), but dis-
puted byJegadeesh andTitman (1999) and Grundy and Martin (2001).
The tests do not support the nonparametric conditional CAPM. In particular,

the strong rejections fromTest 1 indicate that the model is inadequate to explain
return dynamics of winners and losers. Interestingly, however, the conditional
expected returns of winners implied by the CAPM are indeed higher on average
than those of the losers. In Panel A, for example, the winner portfolio’s condi-
tional expected returns have an average of 0.71 percent versus an average of 0.16
percent for the loser portfolio. But the difference of 0.54 percent is still signifi-
cantly smaller than the 1.16 percent difference between the average returns of
the winner and loser portfolios.The results from Panel B are quite similar.
The test results are more favorable for the conditional Fama and French model.

The p-values do not produce rejections at conventional significance levels. In Pa-
nel A, according to the three-factor model, on average, the winner portfolio’s con-
ditional expected returns are higher than those of the loser in 7 out of every 10
months. The conditional expected return difference is 0.95 percent on average,
close to the 1.16 percent return difference between the winner and the loser. In
Panel B, the results are similar (though somewhat weaker). Finally, note that Ta-
bleVI shows a commonweakness of the two conditional models. In all the cases,
the conditional expected returns of the loser have an average significantly higher
than the loser’s average return.That is, both models are not doing a good job for
the loser portfolio.
These results shed light on the debate about the source of momentum profits.

Using more restrictive models, Jegadeesh and Titman (1999) and Grundy and
Martin (2001) argue that the momentum profits are due to nonsystematic re-
turns. Our results show that it is critical how the time-varying expected returns
are measured.With the nonparametric conditional models, the winners do in-
deed have higher conditional expected returns on average than the losers.There-
fore, our results support the arguments of Conrad and Kaul (1998) and Chordia
and Shivakumar (2002) that momentum profits are due to cross-sectional disper-
sion in expected returns or persistence in expected returns.

III. Conclusion

The Sharpe^Lintner CAPM, the Jagannathan andWang (1996) extension, and
the Fama and French (1993) three-factor model are three of the most influential

47 That is, replace rt11 by Et(rt11) in every entry in the previous row, where Et(rt11) is com-
puted using either the conditional CAPM or the conditional Fama and French model. For the
conditional CAPM, for example, the implied expected return is given in the right-hand side of
(2) of Section I. By (5) of Section I, the expected return on the ith industry portfolio implied by
the model can be expressed as Et[(1�mt11)ri,t11], wheremt11 is the SDFof the CAPM.Thus, we
simply regress ð1� m̂mtþ1Þri; tþ1 on zt to estimate the expected return implied by the model,
where m̂mtþ1 is the nonparametric SDF defined in (7). Similarly, we use the nonparametric
SDF defined in Section I.C, for the conditional three-factor model.

The Journal of Finance188



and controversial models in empirical asset pricing. Using the nonparametric
stochastic discount factor approach, we present a new test of conditional ver-
sions of these models. The new methodology allows us to draw inferences in a
way that is free from functional form misspecification of beta risk, risk premia,
and the stochastic discount factor. Consistent with Ghysels (1998), we find that
such misspecification tends to play a critical role in the estimation and testing of
conditional asset pricing models. Our results lead to a novel view about how
these three models perform empirically.
The new testing methodology can be applied to examine anomalies. In the eva-

luation of anomalies, a critical issue is how to measure risk and risk premia (e.g.,
see Fama (1998)). In this paper, we provide a brief application to the momentum
puzzle.48 We find that it makes a difference whether we use conditional or uncon-
ditional models to explain momentum profits. In particular, the momentum ef-
fect does not seem to be a serious anomaly to the nonparametric conditional
version of the Fama and French model. According to the model, the winners tend
to have conditional expected returns that are significantly higher than the lo-
sers. On average, the difference between expected returns on the winners and
the losers is about one percent (per month), which can account for a large portion
of the observed profits to momentum strategies.
Performance evaluation is another example of potential applications.

Motivated by the evidence of time-varying risk and expected returns, several re-
cent papers have advocated conditional performance evaluation measures for
managed portfolios. For example, Ferson and Schadt (1996) and Christopherson,
Ferson, and Glassman (1998) propose and apply conditional measures con-
structedwith time-varying betas that are linear functions of predetermined vari-
ables such as dividend yield. However, it is known that performance evaluation
results are in general sensitive to choice of the performance measure being used.
Moreover, as Ghysels’ (1998) results and ours imply, the commonly adopted
models of time-varying betas for performance evaluation may be problematic.
This suggests that functional form specification may also be important
in performance evaluation for mutual funds and other managed portfolios. A
detailed analysis of the issue seems to be an interesting project for further
research.

Appendix

A. Details of O and ÔON

Wang (2002) provides asymptotic results for the nonparametric test in the con-
text of conditional single-beta models. For the convenience of the reader, we re-
plicate details of the asymptotic variance^covariance matrix O of d̂dN and its
estimator ÔON.

48Other examples include potential applications to anomalies associated with initial public
offerings and seasoned public offerings, since multifactor models play a key role in studies of
IPO and SPO, as shown by Eckbo and Norli (2000) and Eckbo, Masulis, and Norli (2000).
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Let rtþ1 ¼ ðr1; tþ1 	 	 	 rn; tþ1Þ0 � zt and ytþ1 ¼ ðx0t z0t rp; tþ1 r0tþ1Þ
0, where� is the Kro-

necker operator. Denote wt5 f(xt)gpp(xt), A ¼ in � E½wtztz0t�, and ÂAN ¼
in �N�1PN

t¼1 ŵwtztz0t, where in is the n�n identity matrix. Let d ¼ ðd01 	 	 	 d
0
nÞ

0

with di ¼ ½Eðwtztz0tÞ�
�1E½wtztei; tþ1�. Define

gðytþ1Þ ¼Zðytþ1Þ � ½in � aðytþ1Þ�d;
Zðytþ1Þ ¼ fðxtÞ½gppðxtÞrtþ1 � gpðxtÞrp; tþ1rtþ1

þ grðxtÞr2p; tþ1 � gprðxtÞrp; tþ1�;
aðytþ1Þ ¼fðxtÞ½gppðxtÞztz0t þ r2p; tþ1gzzðxtÞ�;

where grðxtÞ ¼ Eðrtþ1jxtÞ; gprðxtÞ ¼ Eðrp; tþ1rtþ1jxtÞ, and gzzðxtÞ ¼ Eðztz0tjxtÞ.
The variance^covariance matrix O is given by

O5A�1GA�1;

where G ¼
P1

�1 Gj, and Gj5E[g(yt11)g(yt1j11)0].
To estimate the covariance matrixO, consider first estimation of g(yt11). Repla-

cing the functions f(x), gp(x), gpp(x), gr(x), gpr(x), and gzz(x) by standard kernel es-
timators,49 and replacing d by d̂dN, we obtain an estimator of g(yt11):

ĝgNðytþ1Þ ¼ ẐZNðytþ1Þ � ½in � âaNðytþ1Þ�d̂dN ;
ẐZNðytþ1Þ ¼ f̂fðxtÞ½ĝgppðxtÞrtþ1 � ĝgpðxtÞrp; tþ1rtþ1

þ ĝgrðxtÞr2p; tþ1 � ĝgprðxtÞrp; tþ1�
;

âaNðytþ1Þ ¼ f̂fðxtÞ½ĝgppðxtÞztz0t þ r2p; tþ1ĝgzzðxtÞ�;

where f̂f, ĝgp, and ĝgpp are defined as in (8), (9), (10), and

ĝgrðxÞ ¼ N�1h�kf̂fðxÞ�1
XN
s¼1

K
x� xs
h

� �
rsþ1;

ĝgprðxÞ ¼ N�1h�kf̂fðxÞ�1
XN
s¼1

K
x� xs
h

� �
rp; sþ1rsþ1;

ĝgzzðxÞ ¼ N�1h�kf̂fðxÞ�1
XN
s¼1

K
x� xs
h

� �
zsz0s:

One can show that the estimator

ĜGj ¼ N�1
XN�j

t¼1
ĝgNðytþ1ÞĝgNðytþjþ1Þ0

is consistent for Gj. The covariance matrix estimator that we use is
ÔON ¼ ÂA�1

N ĜG0ÂA�1
N . Note that we have necessary inputs (ĜGj) to obtain covariance

matrix estimators that are consistent under general circumstances. Whether
there exists any advantage to using such estimators in applications remains to
be studied.

49Note that gzzðxtÞ ¼ ztz0t when zt is a fixed transformation of xt. For example, when
zt ¼ ð1x0tÞ

0, simply replace gzz(xt) by ztz0t, which gives âaN ðytþ1Þ ¼ f̂fðxtÞ½ĝgppðxtÞ þ r2p;tþ1�ztz0t.
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B. Parametric Benchmark Returns

In this Appendix, we provide details for the case inwhich the benchmark port-
folio has excess returns of the form rp,t11(y), that is, a function of a l�1parameter
vector y.
For any given value of y, one can obtain an estimator d̂dNðyÞ as from (12) of Sec-

tion I, with rp,t11(y) replacing rp,t11. Let O(y) and ÔONðyÞ denote the covariance
matrix of d̂dNðyÞ and the estimator for this matrix, respectively, with rp,t11(y) re-
placing rp,t11. Let ŷyN be the parameter value that minimizes

d̂dNðyÞ0ŴWN d̂dNðyÞ;

where theweighting matrix ŴWN is regarded as fixedwith respect to y, ŴWN !p O�1
0 ,

and O0�O(y0). Let DN(y) denote the l� qn matrix of partial derivatives of d̂dNðyÞ
with respect to the parameter vector y:DNðyÞ � @d̂dNðyÞ0=@y.The estimator ŷyN is
assumed to satisfy the following first-order condition:

DNðŷyNÞŴWN d̂dNðŷyNÞ ¼ 0:

Then one can show that

ffiffiffiffiffi
N

p
ðŷyN � y0Þ!

L Nð0; ðD0O
�1
0 D0

0Þ
�1Þ;

and the test statisticN d̂dNðŷyNÞ0ŴWN d̂dNðŷyNÞ has a limiting chi-squared distribution
with qn� l degrees of freedom.
In applications, we set the weighting matrix ŴWN to be the inverse of the covar-

iance matrix estimate ÔONðyÞ and update the value of y through iteration. The
weighting matrix is evaluated at zero (y50) for the initial round estimation.
Then the first-stage estimate of y is used to update the weighting matrix at the
second stage.

C. The Stationary Bootstrap

There are several block bootstrap methods for stationary and weakly depen-
dent data, which can be implemented by dividing the data into blocks and sam-
pling the blocks randomly with replacement.The stationary bootstrap of Politis
and Romano (1994) uses overlapping blocks with lengths that are sampled ran-
domly from the geometric distribution. The advantage of random block lengths
is that the resulting bootstrap data series is stationary, while it is not with blocks
of fixed (nonrandom) lengths. In this section, we describe our application
of the stationary bootstrap. The notations correspond to those of the text and
Appendix A.
Given the data {yt11}, t51,y, N, we use a resampled time series fy n

tþ1; jg,
t51,y,N to obtain d̂d n

N ; j and ÔO
n
N ; j, a resampled version of d̂dN and ÔON , respectively,

where j indexes one ofNb bootstrapped samples.The following statistics are then
used to compute the p-value associated withTd:

T n
d; j ¼ Nðd̂d n

N; j � d̂dNÞ0ðÔO n

N; jÞ
�1ðd̂d n

N; j � d̂dNÞ
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for j51,y,Nb.The series fy n
tþ1; jg, is given by

y n
tþ1; j ¼ yxjðtÞþ1 t ¼ 1; . . . ;N ;

where xj(t) is a random index chosen according to the stationary bootstrap algo-
rithm of Politis and Romano. For this, one should choose a priori a ‘‘smoothing
parameter’’q5qN, such that 0oqN41, qN-0, andNqN-N, asN-N.Then pro-
ceed in three steps as follows:

� For t51, draw xj(1) as a random variable, uniformly distributed over {1,y,
N}, independently from other variables.

� Increase t by 1. If t4N, stop. Otherwise, draw a standard uniform random
variable u, independently from other variables.
^ If uoq, draw xj(t) as a random variable, uniformly distributed over {1,y,
N}, independently from other variables.

^ If uZq, set xj(t)5 xj(t�1)11; if xj(t)4N, set xj(t)5 1.
� Repeat the second step.

To choose q, we follow Sullivan et al. (1999) to set q5 0.1.This corresponds to an
average block length of 10.We also check various values of q ranging from 0.01 to
0.5.We find that the results are not sensitive to the choice of q.50

D. Kernel and Bandwidth

We use two kernel functions. The first kernel is an independent multivariate
normal density function

KðuÞ ¼
Yk
i¼1

fiðuiÞ;

where fi is the density of a univariate normal with mean zero and variance si
2,

and si is the standard deviation of the ith state variable. In computation, si is
replaced by the sample standard deviation estimate. Note that scale adjustment
of the state variables is already made in the above kernels through the standard
deviations si. An independent multivariate normal kernel is a popular choice in
practice.This kernel is referred to as the normal kernel in our discussion.
The second one is a bias-corrected higher order kernel, which is constructed

from the normal kernel as follows (see Powell et al. (1989)):

K nðuÞ ¼
KðuÞ �

Pk
j¼1 ajb

�k
j Kðu=bjÞ

1�
Pk

j¼1 aj
;

where a5B�1e. Here a5 (a1,y, ak)0, B is a k�k matrix with the (i,j)th compo-
nent Bij5bj

i, e is a k�1vector of ones, and bj5k1j for j51,y, k.

50A large value of q is appropriate when there is little dependence in the data, while a
smaller value is appropriate when there is strong dependence.
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Optimal bandwidth selection is an unresolved issue.We set

h ¼ cN� 1
2kþ1:

This takes into account thebandwidthconvergence rate conditions. However, the
limiting distribution of our test statistic does not depend on the constant c.Thus,
commonly used cross-validation procedures cannot be justified in our context.
For a practical choice, we set c51.This simple bandwidth rule is regarded as an
objective starting point and adopted by many authors (e.g., Silverman (1986), Pa-
gan and Schwert (1990), and Harvey (1991), among others).51 In simulation experi-
ments, we find that this simple rule gives rise to good test size when using the
NYSE size portfolios and momentum portfolios. For the size and BE/ME portfo-
lios, the test size is off by a few percent.We adjust the rule to correct the test size
by searching over the interval (0.9,1.1).The test has satisfactory size at c5 0.93. In
our empirical applications, we use exactly the same bandwidths and kernel func-
tions.52

E. Pricing Error Measures

Three summary measures of conditional expected return errors are used in
applications. They are average absolute bias (AAB), average standard deviation
(ASD), and average root mean squared error (ARMSE). Let ei,t be time-t condi-
tional Jensen’s alpha associated with Et(ri,t11), for t51,y, N, and for i51,y, n.
For every i, let Bi, SDi, and RMSEi be the sample mean, the sample standard de-
viation, and the sample root mean squared error of the series ei,1, ei,2,y, ei,N.Then
the three summarymeasures for the cross section of the n pricing error series are
defined as

AAB ¼ 1
n

Xn
i¼1

jBij

ASD ¼ 1
n

Xn
i¼1

SDi

ARMSE ¼ 1
n

Xn
i¼1

RMSEi:

AAB is a measure for average pricing error or bias of the model. ASD is for pri-
cing error volatility. ARMSE is a joint measure for both bias and volatility of the
pricing errors.
These summary measures are plain and simple.Yet we do not directly observe

ei,t. In applications, we use two methods to estimate the pricing errors.The first

51We tried a cross-validation method to determine the constant c in h5 cN
�1
2kþ1. For the post-

war period (January 1947 to December 1995), c51.04.
52 Consistent with HSrdle (1990), we find that the higher order kernel produces more vari-

able estimates, and that in terms of bias reduction, it does not seem effective in this finite
sample context. As a result, we focus on the normal kernel in our empirical tests.We report
only the results based on the normal kernel.
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approach estimates ei,t by

êei; t ¼ z0td̂di;

where z1 ¼ ð1t x0tÞ
0, and d̂di is defined by (12) of Section I.This approach is referred

to as theWLS regression method.
We have applied another method as a robustness check. In this approach, we

estimate the error as follows:

êei; t ¼ ĝgiðxtÞ � ĝgpðxtÞĝgipðxtÞ=ĝgppðxtÞ;

where ĝgpðxÞ and ĝgppðxÞ are defined as in Section I, and

ĝgiðxÞ ¼ N�1h�kf̂fðxÞ�1
XN
s¼1

K
x� xs
h

� �
ri; sþ1;

ĝgipðxÞ ¼ N�1h�kf̂fðxÞ�1
XN
s¼1

K
x� xs
h

� �
rp; sþ1ri; sþ1:

For this method, we use the normal kernel defined in Appendix D, with band-
width h5N

�1
kþ4 .This is referred to as the kernel regression method.
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