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An Efficiency Frontier Model

An Analysis of the Macroeconomic Implications
of Structural Shocks *

1. Introduction

Much of the current debate conceming the microelectronics
“revolution™, and related policy issues such as industrial strategy, takes
place without the aid of explicit economic models. Nevertheless, it is
generally recognized that the introduction of microelectronics-based
technologies can be an important growth stimulus, as well as the source
of potential adjusiment problems, This paper proposes a tractable
capital-theoretic framework for comparing alternative adjustment
scenarios in response to such structural shocks,

The basic component of our framework is a dual efficiency frontter
structure'. The steady-state efficiency curves are extended by distin-
guishing between restricted and unrestricted efficiency frontiers®. That
structure is then ‘“closed™ by various intertemporal objective criteria
which are based upon alterndtive expectations hypotheses and the
consequent consumption/savings-investment behaviour.

) The severity of the restrictions, for example, on capital-stock maliea-
bility, determines the generality (that is, steady-state or non-steady-state)
of the solution. Since the efficiency frontier structure embodies the
restrictions, any alleviation of the latter causes that structure to evolve.
The combination of intertemporal optimization with the endogenously
evolving efficiency frontier structure determines the dynamic path of the

* T would like to thank M. Morishima, J.P. Azam and M. Desai for useful discussions on related
work, and alse $. [Yajic, M. Engineer and B. Macleod for helpful comments on an earlier draft of
this paper. Shortcomings of the paper, of course, remain my responsibitity, Financial suppoert from
the Social Sciences and Humanities Research Council of Canada is gratefuly acknowledged.

! The seminal paper was Brano (1969). Also ses Bruno {1967), Craven (1979}, Morishima (1571},
Orasel (1978}, Schweinberger {1980} and Woodland (1977).

2 The concept of a resiricted efficiency frontier was used in an Austrian context by Hicks (1973),
Craven {1979} analysed its effect on the existence of steady-state equilibriz, and Oroset (1978) provided
2 comprehensive analysis of steady-state efficiency curves in the presence of restrictions due to
vintages of capital. Qur paper uses the restricted/unrestricted strocture to model non-steady-state
transition paths.
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solution, and captures “development™ aspects of the growth process as
opposed to steady-state proportional dynamics or exogenous adjust-
ment speeds toward a long-run equilibrium.

The convenience of the efficiency frontier model (EFM) is that it
provides a particularly simple solution method with which to mimic
sequences of temporary equilibria. Utilizing results in Becker (1981,
1982}, this paper illustrates an equivalence between the control solution
to the EFM and the perfect foresight competitive equilibrium solution
to the corresponding decentralized market model. While correspon-
dences of the perfect foresight type are relatively well-known, the EFM
can mimic sequences of temporary equilibria under vanous alternative
hypotheses about expectations®, and the severity of restrictions on
technology and the malleability of factors.

The restrictions imposed recognize the possibility of different
degrees of flexibility for physical endowments and outputs versus that
for prices. The source of restrictions on outputs is due to capital-stock
non-malleability which can be summarized by the extent of the choice
of techniques, the shiftability of machines, and the degree of embodi-
ment of technical changes. These restrictions prevent a long-run
solution from being attained immediately, and hence allow an explicit
analysis of sectoral transition paths from short-run solutions, which
have fixed stocks, to long-run growth paths®, On the other hand, we
will assume that prices are always flexible, although their non-steady-
state behaviour depends crucially on the degree of foresight inherent in
the expectations assumption. A perfect foresight, dynamically efficient
path provides a benchmark against which the effects of imperfect
foresight can be measured. For example, we compare perfect foresight
versus a rule-of-thumb savings adjustment. in response to a labour-
augmenting innovation. This comparison provides one explanation. for

3 Burmeister and Graham (1975) compars a planning model solution: to that of a competitive
model in which expectations are formed accordiog to an “adaptive-type scheme™ for which perfect
foresight is a limiting case. Our paper uses & different solution method and focuses on restrictions on
the flexibility of cutput as well as on restricted foresight. Cass and Shell (1976) provide & comprehen-
sive analysis of the application of “Hamiltonian dynamics™ to optimal growth and competitive growth
models. The latter have instantaneously adjusted expectations about price changes and focus primarily
on the two-class “classical” consumption/savings case. Other analyses of the relaticnship between
optimal control solutions and perfect foresight competitive equilibria include Abel and Bianchard
(1983) and Becker (1981, 1982).

¢ Dynamic adjustment paths (" traverses™) wers suggested, in a growth context, by Hicks (1965).
The trade and factor-market distortions literature has analysed dynamic stability and modelled explicit
adjustment mechanisms in the presence of short-run factor specificity and/or shuggish price adjust-
ment. Se¢, for example, Mussa (1982), Neary (1978a, 1978b, 1982) and Neary and Purvis (:981).
Bruno and Sachs {1982) use a factor price frontier to analyse the dynamic adjustment to 4n exogenous
input price shock assuming perfect foresight and stuggish price adjustment,
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the often observed resistance to such changes (for example, by Fleet
Street newspaper unions), and suggests ways of improving the economic
adjustment to structural shocks.

Section If presents the dual efficiency frontier structure emphasizing
the method of incorporating various realistic restrictions on flexibility.
Section Il “closes” that structure with various intertemaporal objective
criteria (based on alternative expectations hypotheses), and conpares the
solutions. In Sectien IV, the tractability of our solution method is
illustrated by comparing alternative adjustment paths in response to &
labour-saving innovation. This exercise also emphasizes the crucial
importance of analysing expiicit adjustment paths. Section V provides
some brief concluding comments.

L. A4n Efficiency Frontier Structure

In general, the production possibilities are described by a set T (M)
of non-negative per capita cutputs and jnputs where M represents the
available techniques of production. Assume that:

Al: the technology is “productive™ although each activity requires
positive input of at least one factor in order to produce
positive output;

A2; T{M) is a closed, convex cone;

A3: the attainable production set is bounded from above by the

ultimate scarcity of primary factors and Al.

In addition, we assume that:
Ad4: there is free disposal of output;
AS: machines have infinite durability;

A6: production is instantaneous but this period’s output cannot be
utilized until next period®;

A7: there are no externalities;

AS8: there is perfect competition in afl markets,

5 The period may be arbitrarily short so that in the limit we can use continuous time. For
notational convenience, time-seripts are net incladed unless necassary for clarity,
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s

We begin with a prototype version which avoids commodity inputs
(circulating capital) by vertically integrating, and aggregates all the
firms in each of two sectors into one large firm. There are two inputs
to production — capital (K) and labour (L) — and, unless otherwise
stated, quantities are normalized by L Therefore, for the fixed-coet-
ficients version’, the prodfiction possibitities are summarized by T (M)
in which M’ represents a positive-definite input-per-unit-output
coefficient matrix; :

A% M = ,i>k°>i;

a
7, I

a
A
where (o, &) are the capital and labour input requirements for produc-
ing a unit of the consumption good, and (a, ) are those for producing
a machine. 3
The basic component of the various versions of the non-steady-~
state dynamic growth model is a dual efficiency frontier® structure. The
frontier of the static (that is, for a given initial endowment k* = K°/L%)
production possibilities set is defined as the guantity efficiency curve:

H QEC =80k, M) = max{c|c(xk, M) e T{M)};

that is, the maximum per capita consumption (g), for each feasible
level of investment per capita (x), subject to the production constraints:

(2} k" 2 ac + ax,
€] 1zh+ &;

and non-negativity constraints on outputs {¢, x). The QEC combines
the technological possibilities (productivity) with the available factor
endowment {k%), and in doing so, illustrates the set of statically
efficient outputs for the two sectors. Since x = gk where g = growth

$ For simplicity, there is no distinction between endowmenis and factor supplies,

7 See the Appendix for a version which incorporates ¢hoice of technique, in which case M is
the cost-minimizing technique.

8 A constraint refées 1o a column or row of a technique matrix; an efficiency surface (or curve in
the two-sector ¢ase) to a technique matrix; and an efficiency frontier to the case where there is a
choice of technigues such that there are several efficiency surfaces (one for each technigue matrix)
with the efficiency frontier consisting of their envelope.
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rate of the capital stock, the QEC can be plotted in (e, g) space (figure
1) scaling the horizontal axis by a factor 1/k,

Fig. | - Guantity Efficiency Curve (QEC)
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The underlying (that is, for individual sectors) duality is between
production and cost functions — or, given A2 and A8, between
isoquants and factor price constraints. Factor price possibilities for the
economy are given by the non-negative set P(M®), The frontier of the
“momentary™ (that is, for a given p° = prce of the capital good in
terms of the consumption good) factor price possibilities set is defined
as the price efficiency curve:

4  PEC =w(g 0, M) = min{w|w(qp, M) PM)},

which is the minimum real wage rate (W), for each feasible rental rate
for capital (g), subject to the factor price constraints which ensure that
excess profits are zero in equilibrium: >

(3) 1< qo + wh,

{6) P < qa+ wl.
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Since the rental rate of return per machine is . r, the PEC can be
p

drawn. in wage/“normal”' rate of profit space (Figure 2).

Fig. 2.- Price Efficiency Curve (PEC)
and Untestricted Efficiency Curve (UEC)
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Thus far, the production technology M® has been combined with
the given endowment k* to derive the economy’s QEC, and with the
given p* to derive the economy’s PEC. However, both &k’ and p° are
fixed or exogenous in the above formulation of the efficiency relation-
ships. In order to allow for endogenous (k, p), the QEC/PEC structure
is now extended to a restricted versus unrestricted efficiency curve
structure (REC/UEC),

If p is non-predetermined, and thus flexible, we can repeat (4) for
all p to derive an envelope curve defined as an unrestricted efficiency
curve:

) UEC = # (;; M) = min {w]|w(r; M") ¢ P(M}

l-ra

or = —
A+ ool — ak)
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Figure 2 shows that varying p causes the price constraints to swivel

on the endpoints —;C. and * tracing-out the UEC. Notice that each
a

PEC (the w/r trade-off for a given p) will touch the UEC at a point
such as E — that is, the zero excess profits position for both sectors.

For output, analogousty to {7), it is possible to repeat (1) for all k
to derive the envelope curve:

(8) UBC = t(g; M) = max{c|o(g M) e TM)}
oF "o ma 18
A+ glal—ad)

Note the well-known® analytical equivalence between (7) and (8).
However, that equivalence is only realized in a steady-state framework.
That is, (8) is the efficiency locus of steady-state combinations of (c, g).

In order to model non-steady-state dynamics, we introduce restric-
tions which reflect the different degree of flexibility for physical endow-
ments and outputs versus that for prices. The output efficiency relation-
ship (8) can be restricted by the predetermined endowments (k%) whose
dynamic flexibility may be limited by capital-stock non-malleability
which is summarized by the extent of the choice of techniques, the
shiftability of machines, and the degree of embodiment of technical
changes. An instantaneous, costless, infinite choice of techniques across
a wide range of capital intensities could allow immediate adjustment
to a new steady state following a shock — without any change in k"
But this “perfect substitution” or complete malleability is a very
strong assumption. In this paper, the range of alternative efficient
techniques is more limited, In particular, we model two versions — a
fixed technique case which restricts the UEC” to (1) and a choice of
techniques version (Appendix) which has an alternative activity in each
sector making k more malleable and thus the output efficiency
relationship slightly less restricted. The model can be extended to
analyse the effects of two other sources of non-malleability — sector-
specific factors and embodied technical change.

The implication of the above restrictions is that it takes resources
(labour and savings flows) to transmute a fixed capital stock to the
structure required by a new steady-state equilibrium. Thus a sequence

® See, for example, Bruno {1969) or Burmeister and Kuga (1970).
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of non-steady-state solutions may be required. On the other hand,
prices are completely flexible, although their non-sieady-state beha-
viour wili depend crucially on the degree of foresight inherent in the
expectations assumption, Therefore, the basic opfimizing structure
consists of a restricted efficiency curve (such as (1)) for outputs, and
the unrestricted éfficiency curve (7) for-prices.

p .

NI  Closing the Efficiency Frontier Structure

HI. 1. A control solution. Thus far, the structure of our model consists

of two efficiency relationships. Closing the model requires some crite-

rion by which to rank or choose from among the set of efficient plans.
Consider a consumption-optimal growth objective'®;

) Maximize [: cle-G~mtgdt,

subject to: the production (technological and factor endowment)
constraints (2), {3); non-negativity constraints on the controls {c, x);
the change in endowments:

{10} x—nk = K ;

dt

and boundary feasibility constraints:
(11) ki <k,
(12)  kMzkK <xI = 1<(0)+j2)r (g, (O — ®) k () dt.

Notice that (10} — which links investment and the exogenous rate of
growth of the labour force (n) to changes in endowments — defines
dk/dt as net investment per capita since gross per capita output of the
investment good (x = gk) will be used to “widen™ (nk) and, in the

10 Tt i5 assumed that the planner wishes to maximize total utility. Therefore, the planner weights
the typical agent’s objective criterion [g cithe ™ St gt by the population. Expressed in per capita
terms the planner’s objective criterion becomes (ses Burmeister, 1980, p. 250

max [nT clhe~ @ -Wtge,

In the example discussed in the text, i is assumed that the typical agent’s pure rate of time preference
(8) is equal to the exogenous rate of growth of the labour force or population (n) $o that the
planner’s steady-state solution corresponds to a golden rule path. This assumption is not necessary,
nor is it meant {0 imply what the planner’s discount rate “ought” to be.

.
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presence of alternative techniques, “deepen™ the existing per capita capital
stock. The boundary feasibility conditions require that the k wutilized at
f = 0 cannot be greater than the initial endowment (k); and the actual
k at time T. must not be less than the target (k) which is a parameter
open to c‘hoxce“ but subject to a feasibility constraint determined b
accumulating at the maximum rate (g, (t)) forall 0 gt < T Y
The above pro't‘alem can be solved using optimal control theory.
For examplle, applying Pontryagin’s maximum principle, the optimal
cont}'oll \.fanables (¢", x%, can be derived as functions E)f (p, k) by
maximizing the Hamiltonian, defined as net national prodact pér capita
gﬁ ; pek=c+plx — n_k]} subject to the guantity or restricted
iciency curve sumimarized by (1), Due to the Kuhn - Tucker saddle-
point theorem, that problem is equivalent to; '

(13) max minL {c,x,w, @) =¢ + p{x — nk) + w[l — Ac — K]

& w,qz0 + q[k — ac — ax]

A necessary and sufficient condition for (c", x", %", q°) to be a saddle-

peint of L over (¢, x,w,q) = 0, isth K, W i
i s K, W, \ at y
Tucker conditions ' ’ - (636, W) satily the uhn-

avr

— =l-wWA-qeglgc,

dc :

L

~— =p-w-qa<0<x,

L
=]l--Kk>z0<gw,

aw

avL

— =k-—oac—-axz205q,

aq

i Noti J ; .
intertempat;:ﬁ th; having specified kT, the time horizon (T) requited to reach that kT along an
per can o )‘,aal xcxcr])(t output .path is endogenous. When T— oo, kT k* {the new steady-state
pital stock), and with & = n the maximand can be changed to a Ramsey critcr!i’on

fo ©o-ea,

in which c* i
Attt [ ﬂi];cvggw “f;ei::l‘i-;:il?lgzrs ;::f?m consumption level, in order 1o ensure convergence.
: ) N P )
Buml;exf{cr 1980y o Mt o overtaking criterion™ can be used — see, for example,
s indicated in A2 above, the non-joi i
o oo i 5 on-joint sectoral production activities plus i i
P consteaints ensure the concavity of the quantity or restricted efficiency I‘roﬁxtiexg.lput stock adding
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in which, for example, ' =1 —Ac — x isa stack variable represent-
ing the rate of unemployment, and the notation u* > 0 < w implies
that w20, w =0, and uw' = 0. That is, the Kuhn - Tucker
conditions apply the rule of free goods (RFG) to factors, and the rule
of profitability (RoP) to production.

Now using the Valentine - Berkovitz methed ®, the dynamics of the
intertemporally ,eﬁz‘cier’:’t paths are specified by™

or _ d

(15) = = X —nk,
ap dt

(16) _8L_dv _ ey,
ok dt :

in which the superscript® refers to solutions to (13) for given p, k.

The given endowments %k and technology M determine the
position of the restricted efficiency curve, and the given p (for
example, p° if we start at a steady state) ranks the alternative efficient
production plans so that the one (¢, x) which maximizes ¥ is chosen.
In addition, (w',q9) is the minimum factor cost (or payments) of
producing the optimum output subject to the constraint that the inputs
absorb the entire value of the output {zero excess profits). Since the
capita} intensities span the endowments (e/A>k >all), it is an
interior solution, that is, the efficient output levels are able to fully
employ the factors of production (k) and thus factor prices are
positive  ((w,q) >0). On Figure 1 the objective function,
y — pnk’ = ¢ + p’ gk’ — nk?),’ is pushed out until it supports the
QEC at {(c’,g") and on Figure 2 the objective function sepporis the
PEC at (w",1°).

Thus (15) follows from {10} and from the static optimally
requirements — in particular, the full employment/full utilization

13 As in Appelbaum {}975). Notice that (13) can be re-arranged {0 give:
min maxl = W+ kig — pr) + ¢4l - qo —- WA = x(p — gz — Wl

so that the dual problem gives the same solution a8 the primal described in the text.

W I the event of corner soluticns, subdifferentials would replace derivatives — se¢ Rockafellar
{1970) or McKenzie (1979). To ensure that (p, k) are continuons along the maximal (and efficient)
path(s), criteria anatogous to the Weierstrass - Exdmann comer cenditions for the classical calewlus
of variations solution method must be satisfied. This issue is particularly relevant for multisectoral
models and/or where switches in technique are possible — see, for example, Burmeister and Graham
{1973) ot van den Heuvel (1983).
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solution derived from (13} for each t. As can be seen from the diagrams,
the dynamically efficient outputs are at the fuli employment/full utiliza-
tion “kink” of the REC corresponding to each period or “point” in time.
The dynamic efficiency condition (i6) is the intertemporal zero excess
profit condition consistent with perfect foresight and perfect competition
{which invokes arbitrage). This price adjustment ensures that the period-
by-period REC “kinks” are always tangent with the UEC.

1t is_useful to analyse the stability of the above perfect foresight
s_olution to the efficiency frontier model in more detail. From the produc-
tion constraints for outputs, {2) and (3), derive a relationship k = k{g):

{17 L S
A+ glal —ar)
Similarly from {5) and (6)*:
(7 S S
A4 (o —ha)
Given A9, both (17) and (17) are downward sloping and convex

to the origin — in (k,.g) and (p, r) space respectively.
On Figure 3, (17) is plotted in the south-east quadrant, and (17 in

Fig. 3- Phase Diagram of the Opfimal Path for the State Variables

) P
Lo

-0 OPTIMAL
PATH

9

15 5 ) >
markes Nlothc that both (17) and (177 are alternative forms of the UEC and thus are appropriate for
-clearing non-steady-state dynamics, T other words, there is 2 REC “behind™ each point of (17,
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the north-west quadrant. The phase diagram (north-east guadrant) is
derived by plotting n in the south-cast and north-west quadrants, and
then recording the efficient directions of motion as dictated by (15) and
(16). ' '

The optimal solution is a saddlepoint in (p,k) space. For the

particular version of the modek which' is illustrated, B 1
. . !
output path is stable. That is, as soon as an interior solution is possible,

LN , the path follows a Leontief trajectory (both stocks
A { .
fulty employed at sach point or temporary equilibrium). When g

becomes equal to n at k = k*,idlca = 0 and the output side is in

dt
long-run (steady-state) dynamic equilibrivm.

However, the price side is potentially unstable. Unless p () = p*,
prices will diverge (along an unrestricted efficiency curve (17 ) away
from their long-rust equilibrivmm solution, Given the inherited k* and
choosing a KT subject to the feasibility constraint (12), it is necessary
to determine a unique p*(T) from which to compute the p*({) —
using {16y — which is consistent with k. With perfect foresight,

lim ¥¥ = k* and the planner can calculate the constant prices

T 00
necessary to support the maintenance of k* that is, g¥/p*=n. In
other words:

(18 - lim pMkE = p¥k*.

t-»c0

This is illustrated by choosing the stable arm of the saddlepoint on the
phase diagram. In the special case of fixed coefficients, p{0) = p*
and the stable arm is a straight line in (p, k) space e,

Interpreted graphically, a “momentary” solution is defined for
given (i, p") using the QEC/PEC, and if a change in p° is required
to reconcile cost and demand prices, the distribution point E’ {w", 1)
moves along UEC to E*{w* r*) when p’ jumps to p*{0). The
production point E* (c*, g*) will be at the full employment/full utiliza-
tion “kink” of the REC. Therefore, that point is on the UEC. The

16 With no joint production the steady-state solution is unique, and given that the maximand
(9 is linear, McKenzie (1979) shows that (theorern 7, pp. 66-67) “thers is a maximal path from
any expansible stock". .
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relative position of E* (¢*g*) and E* (w*, r*), on the UEC, is deter-
mi:lled by the relationship between r* and g* necessitate’d by the
§avmgs—investment required to satisfy (9) and to achieve k* along an
intertemporally efficient path.

WL 2. Decentralized market solutions. We now wish to illustrate the
correspondence between the above planner’s optimal control solution
to the efficiency frontier model (EFM) and various competitive equi-
iibrium solutions to the decentralized market version.

We know " that the competitive solution to a production model —
formulated in terms of unit cost functions (such as, (5), (6)) and
factor rna;ket equitibrium conditions ({2}, (3)} — can b; obtained
as a solution (¢, x", w,q") to the linear programming problem (13).
Therefore, the static or “momentary” (given p°,k°) solution to the
EFM is equivalent to a market solution when p is a parameter®.

The present formulation roquires that the relative price of
machines (in terms of consumption goods) be endogenocus. Therefore.
for the competitive equilibrium versions, one must model the marke;
mechanisx.ns which determine {p (t)}}. The foresight assumption and
th.e 'resultm‘g consumption/savings behaviour will be crucial in deter-
mining the temporary equilibrium level of p, and thus whether or nof
ﬂfl}? sequence of tempolrary equilibria will satisfy the intertemporal

 Therefore 1 5 usel o compare e molicanios o vt pectation
s plications of static expectations
versus perfect foresight about fisture spot prices®.
' P:o; a perfect foresight decentralized market solution, the objective
criterion (9) is replaced by: ’

©) max 7 c@e-dtd,

n dwhi_ch ¢ and § are thc_ typical individual’s level of consumption
and discount rate® respectively. Given perfect foresight, the rate of

i: if. Cass :\;g Sheli (1976) and Woodland (1977),
s in 2 production model or a small open ¢conomy for which the refati i ics i
u ] ive commodity price
;:;Tg:noui}.l Alﬂernat:\rely, that solution could refer to 2 case for which the non-substitutionytlfeorﬂllz
solu:i;:' at any price changes are initiated by cost changes or, as in this paper, a2 “momentary™
o lcr:a : l;:oi;et eg;;r;eia; L:nrs:iel. Forf tshe{SOE interpretation, comparative-statics effects of changes
3 eted in terms of Stoiper - Samuelson and Rybs ki ishi
19761.9\?0041@;‘1.{1977 and Dixit - Norman, 1980). yocaynsii theoreras (6% Morishima,
straightforward extension, which has complete s
: pot markets and a futw it
Only'zoag?‘;-s one to model the intermediate case of imperfect foresight. res kot for bonds
Gor rolscou;xt rate § == n f.orlindividual agents would be “consistent™ with 2 zero discount rate
T a planner who maximizes total utility and uses 2 per capita maximand as in (9).
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return to holding a capital good includes a realized capital gain or loss
component. Therefore, the portfolio equilibrium condition between
saving and consuming is: )

19) A, Gl
. P p

As shown in Becker (1981, 1982), injtial prices and thus the
consumption/savings-investment allocation will be such that (19) holds

at each t. Consequently, the {p ()} will be consistent with {k® -

intertemporal preferences, and market equilibrium conditions. When
5 = n, the latter coincide with the control solution efficiency condi-
tions (14) and (16). However, in the competifive equilibrium version,
those conditions result from utility maximization and cost minimiza-
tion with competition ensuring that product prices equal cost of
production ((5), (6)), that factor markets are in equilibrium ((2),
(3)), and that intra- and intertemnporal rates of return are equalized by
arbitrage {19}

Therefore, the optimal control solution to the efficiency frontier
framework is equivalent to the perfect foresight competitive equili-
brium solution for the corresponding decentralized market model.
While correspondence of this perfect foresight type are relatively well-
known, the convenience of the EFM is that its REC/UEC structure,
closed by the appropriate intertemporal objective criterion and asset
markets, provides a particulariy simple solution method with which to
mimic sequences of temporary general equilibria under various alterna-
tive expectations hypotheses, and restrictions on technology and/or the
malleability of factors.

As a comparison, consider the static expectations case for which
agents are restricted to consumption/savings-investment behaviour
prescribed by a rule-of-thumb — for example, the classical savings
assumption which stipulates that workers do not save and owners of
machines do not consume, or a simple uni-class assumption which

2 Using the Benvenistc and Scheinkman (1982) result that, under certain conditions — in
particular, & >0, infinite horizon concave dynamic eptimization medels exhibit capital value
transversality as a necessary condition for optimality.
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postulates a uniform and constant propensity to consume. The uni-
class version would result in per capita demand functions:

(20) d = b(w+ k) = by,
@1 pdy = (1 =)W+ gk =(1—b)y

in which d, and d, are the typical individual’s demand for consump-
tion and savings/investment respectively, y is the full employment/full
utilization level of per capita income and b is the propensity to
consume?. One could undertake an “inverse optimal™ exercise® to
find a utility fanction for the representative individual which would be
cpnsistent with such rule-of-thumb myopic behaviour — for example, a
time-invariant choice between units of current consumption and invest-
ment (future consumption) as in a Cobb-Douglas utility function,

" U =dbal-®

Ths?refore, the d_emand/supply market equilibrium conditions for
per capita consumption and capital goods, respectively are: k

(22) ' by=4d = ¢,

(23) ( ~by=pd = px.
Walras’ Law is:

(24) - +p - +whe+K—-1)+qloe+ax—K+
+p—w-g@x+({1-wh-qgac=0

which can be re-written in national-income-accounting form as:

(24 d +pd = W+ak)=y.

2 In a two sector mode), demands for the commodities are gi i i
) * § odel, given by the consumption/savings-
E;fee::lmentdde:mons. With ne financial assat, savers acquire the durable physical capital googjs
v ¥ IB.nl td_us the per capita demand for investment goeds d; is identically equal to that for
altemg:é' nml; ing a ﬁnancu_ll asset such as bonds would intreduce a pertfolio choice by providing an
v ve c.l.a]:".lel for the intertemporal transfer of Pumhasing power, Nevertheless, for the markst-
Tt hS equilibria analysed in tlhls paper, aggregate investment demand equals aggregate savings so

the bond market can cemain *“behind the scenes™. '

2 Cf Kurz (1969),
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The equilibrium conditions [ (22), (23), (2), (3). {5), {6) 1, in combination
with Walras® Law (24) show that the RFG applies to the factor
markets®, and that the RoP holds for production decisions. For
exampls, if (3) happened to be a strict inequality in equilibrium, then
w = 0; while if (5) is a strict jnequality, then the technique (o, A)
would not be utifized. * T

With static expectations, q and p~ will be determined such that
there is a portfolio equilibrium:

a g ..

P
Therefore, the competitive equilibrium implies a rule of investment
(Rol). That is, if the rate of return on machines is greater (less) than
the trade-off between current and future consumption, then more
(fewer) investment goods will be demanded. This ensures that, in

equilibrium, the rate of return on machines |1 = A and the rate of
P
time preference {or the cost and asset prices) are equal.

In summary, the static (fixed %* plus static expectations) decentra-
lized market model has six equilibrium conditions, [(2), (3), (5), (6),
(22) and {23) plus the aggregate identity (24)], in five unknowns
(c,%x (= gk),w,q and p). Given {24), only five of the equilibrium
conditions are independent. One can combine (22) and (23) so that the
equilibrium condition for the relative commodity price can be
expressed as:

25) p =4 =0¢

bx

or, using the classical savings assumption:
ik
a

(25) p

The competitive behaviour implied by this solution can be charac-

2 For a non-trivial solution, at least one factor price is positive so that, given A9 and (5),
16), both commodity prices will be positive. In other words, commodities will never be free,
allowing the consumption good to be used as pameraite and {223, (23) 1o hold as strict equalities,
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terized by the rules of free goods, profitability, and investment (RFG,
RoP, RoD). Notice that these are the same rules which were implied by
the optimal control solution to the efficiency fromtier structure — the
RFG and RoP as complementary slackness conditions in (13), and the
Rol in (16). However, the static decentralized market model was closed
by the myopic consumption/savings behaviour {9°) as opposed to the
explicit intertempora! optimizing implied by (9). Therefore, there is no
reason to expect that the p(0) from (25) will be equal to the p* (0}
which resulted from the optimal control solution and the perfect
foresight competitive equilibrium sofution.

With respect to alternative expectatioms hypotheses, we have
shown that a static expectations competitive solution can be obtained
by “closing” the REC/UEC structure with a myopic savings rule. For
example, with a uni-class saving assumption or the comesponding
objective criterion (9"}, one can mimic the decentralized market
solution using (13}, (19 and (25). If “b” is such that the implicit time
preference is greater than n, the steady-state solution will correspond
to B (¢, g’ = n) and B} (W,1 >n,p, <p?) — (Figures t and 2).
On the other hand, with a classical savings rule, {25) is replaced by
(25" and the long-run selution is the golden rule steady state
E'{c, g = n), (W, 1" = n)

The BEFM is easily extendable to consider foresight assumptions
between the extreme cases of static expectatlons versus perfoct foresight,
and also to incorporate’ more severe testrictions on technology. The
former can involve incomplete futures markets*, The latter results in
movements along the REC towards the UEC,

IV. An Example: The Explicit Adiustment Path to a Structural Shock
Consider a disembodied, labour-saving mmnovation® in the

consumption goods industry, which allows the activity (z) to be

i36 Tsﬁ;s in Bliss (1976) and MeCurdy (1982, chapter [IL2). See also Arrow and Hahn (3971, pp.

% For example, machines are re-organized on the consumption goed assembly line such that
fewer workers are needed per unit outpat, If that re-organization involves instaling a microchip in
existing machines, then — ignoring the initial cost of the chip — this shock proxies one aspect of
the microglectranics revolution. The innovation is introduced instantaneously as soorn as it is feasible,
s0 that its impact effects are recognized in the static expectations case whereas its long-run implica-
tiens are also foreseen in the perfect foresight case. The difference between these two cases, in the
presence of non-malleable capital, will become clear below.

o
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replaced by (;}:,) with A’ < A. Therefore, the technique matrix M’

i
in technology shifts the restricted efficiency curve from RE'C to REC
(Figure 4), the price efficiency curve from PE'C to P’E'C (Figure 5) or
P’E’,C (Figure 6), and the unrestricted efficiency curve from UE'E,C
to U'EE”,C (Figure 7).

The impact effect of the innovation is as follows. On the output
side, the efficient adjustment is to move along the capital constraint of
the post-innovation RE'C to its full employment/full utilization point
E’(c¢’,¢) which is tangent to the post-shack UE'C. This adjustment
would remove the excess supply of labour by producing more of the
relatively labour intensive machine and fewer consumption goods.

With the classical savings assumption, the efficient factor price
adjustment would be to move to B (W' < w°,r’ > 1’} on P'E'C (Figure
5), That is, a decrease in w and an increase in r will remove the
excess profits in the consumption good industry. Due to the classical
savings assumption, changes in agegregate demand (or factor income)
match the changes in output required to keep the factors fully
employed. Therefore, as indicated by (257, there is no change in p°
required to ensure that supply prices are consistent with demand
prices, and thus E'(w’,r'p") Tepresents the temporary equilibriam
price solution.

On the other hand, with the umi-class savings assumption, the
temporary equilibrium is

would be replaced by the cost minimizing M’ [E ;, a) . This change

E" (W < Wy < W, T%, > Ty > 1, P < 1)

on Figure 6 or 7. As indicated by (25), there is an induced price effect
in addition to the initial innovation effect. That is, with unchanged
consumption/savings behaviour (constant b), p; must decrease in
Qrdcr to ensure that demand and supply prices are equal. The decrease
in p; results in a movement along the post-shock unrestricted
efficiency curve from E', to E7,,

Given the impact effects, ¢ > n so that k* will increase. This
shifts the RE'C “period-by-period”, moving E’(c’,g) up along the
post-shock unrestricted efficiency curve towards the new steady-state
posstion at E¥(c*>c¢%g* = n = g, k¥ > k). By (25) or (25), p
increases during the sequence of myopic temporary equilibria towards
the new steady state E*(w*>w'r* =1 = n,p*>p’} or
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E*, (w%, > wi, r*, >, p*)¥. The technological assumption A9 and
the savings assumptions ensure that the supply and demand effects
reinforce each other. That is, as factor incomes change taking relative
demands (and thus the demand p) in a particular direction, the capital
intensity assumption ensures that the supply price moves in the same
direction ®, Thergfore, by assuming static expectations and requiring p
to adjust to clear the current consumption/savings-investment relations,
there is sufficient “friction™ to ensure joint stability.

However, as illustrated above, the perfect foresight solution is a
saddlepoint and thus exhibits dual stability/instability. Nevertheless,
perfact foresight and the flexibility of prices ensure that the long-run
{dp/dt = 0) price solutions E* (w*, r*, p*) are atiained immediately
by 2 discrete jump in p° to p*. But on the cutput side we cannot
adjust instantaneously from E° to E*(¢*, g% k*)®. Due to the non-
malleability of k — and the consequent asymmetric flexibility of the
price and output sides — non-steady-state temporary equilibria are
required while k* is “transmuted™ to be appropriate (k*} to the new
technology (M") and the corresponding long-run prics selution.

Fach “momentary” equilibrium must be efficient (on the RE'C
and the P'E'C) and maximal (at E* — that is, at the points determined
by (2), (3), (5), {6), RFG and RoF). In addition, temporary and long-run
equiltbria rust be dynamically efficient (satisfying (15), (16} ).
Although the UE'C does not describe the production frontier during
temporary equilibria (as it does the factor price frontier due to the
flexibility of p), (15) indicates the di/dt which shifts the REC each
“period”, and (16) ensures that the market-clearing points of the respec-
tive RE'Cs move along the UE'C. Figure 3 (p. 79) can also be used to
illustrate the optimal sequence of market-clearing temporary equilibria.

By comparing the sequence of statically efficient temporary equi-
Hbria with the optimal adjustment, one can infer some implications of
no foresight. The long-run equilibrium is determined by n, but during

27 The relation between pS, and p*, and thus the exact position of B, relative to Fy,
depends on the relative size of the innovation induced price effect (B, to Ey) versus the dynamie
price effect (E”, to E*)

# This i3 consistent with well-known results (Burmeister and Dobell [1%70, p. 122]). Alterna-
tively, we could impaose conditions on the aggregate demand functions. For example, in the uni-class
case, stability results if (22), (23) satisfy the weak axiom of revealed preference which is the case
if “b™ remains constant in the presence of price and thus income distribution changes. Of cousse, in
the case of identical individuals, this condition is satisfied. In fact, even the WARP condition
is unnecessarily strong when n is constant (see Morishima [1969, pp. 52-57]). See Burmeister
[198G, chapter 6] and references therein for discussion of the possibility of non-uniqueness and/or
non-monotonic convergence. In our model the unique steady state is stable.

# (On Figure 4, E* is outside the feasible production set,
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the adjustment g > n in order to adjust k to the labour-saving shock.
With perfect foresight, current.consumption is sacrificed for higher
future consumption and the rate of return (r = §) is kept equal to n
throughout. In other words, the infinitely-lived agents maximize
sustainable consumption by adjusting savings (initially increasing then
decreasing towards nk* > nk?) to ensure fufl employment/full utiliza-
tion during the non-steady-state adjustment to the shock. ‘

However, with rule-of-thumb savings behaviour — for example, a
constant savings rate due to static expectations — wages must fall to
provide the necessary investment funds to ensure a sequence of
statically efficient temporary equilibria towards the new steady state.
This simple example illustrates the importance of explicitly analysing
the dynamic adjustment paths, On the basis of comparative steady-state
analysis, one would expect labour to support the implementation of
labour-augmenting techrical change since the model predicts an
increase in the steady-state real wage (w* > w"). However, with static
expectations and a non-malleable capital stock, the adjustment path
tllustrates that full employment can be maintained only if the wage
falls* until the endowments adjust to the proportions required by the
new technology. This result could explain the often obssrved myopic
resistance (with the associated loss in productivity gains) to labour-
augmenting technical change.

V. Concluding Comments

This paper uses a simple framework to compare alternative non-
steady-state dynamic adjustments in response to a structural shock. The
efficiency frontier model (EFM) provides a tractable solution method
with which to mimic sequences of temporary general equilibria under
various alternative hypotheses about expectations, the severity of
restrictions on technology and the malleability of factors. The impor-
tance of analysing explicit transition paths, as well as the tractability
of the solution method, is demonstrated using a labour-augmenting
technical change shock. A comparison of the perfect foresight dynami-
cally efficient adjustment versus the static expectations adjustment, in
response to this labour-augmenting innovation, provides ¢ne explana-
tion for the often observed myopic resistance to technical change. That

3 See Tto (1980) for a similar result in a one-sector model with sluggish real wages. Also see
Neary (1981) and Sinclair (1981).
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is, with static expectations and a non-malleable capital stock, full
employment can be maintained only if the wage falls untii the endow-
ments adjust to the proportions required by the new technology.

There are many other adjustment scenarios to such structural
shocks which could be analysed.using the EFM — for example, the
potential technélogical “unemployrent . if the decrease in current
consumption is resisted” with the consequence that the necessary
savings-investment is not realized. In any event, it is useful to derive
the “benchmark” optimai control path — which mimics a perfect
foresight competitive equilibrium path — against which the implica-
tions of myopic behaviour and various potential adjustment problems
can be measured. It is such eomparisons which suggest ways to improve
the efficiency of the economic adjustment to structural shocks.

Tromas H. McCurDY

Queen’s University, Kingsion, Ontario, Canada

APPENDIX

The variable ceefficient version has a choice of two alternative activities
in each sector, and thus we have four possible techaiques for the economy —
MO0, MO, M0 MM — plus the linear combinations of those pure techniques,
(2ssuming the inputs and the cutputs are divisible). For illustration we assume
that o/d > o'/A" > kK > a%/l° > a’/l". The quantity and price efficiency
frontiers are derived analogously to the fixed coefficient version.

Adding a choice of activity in each sector, that is, the possibility of
substitution — in response to a change in w for example -- to save on the
relatively scarce factor, produces a kinked factor price constraint in each sector.
Recall that for the fixed-coefficient version, the factor price constraint for each
sector was 4 straight line while the PEC (which is the boundary of the
intersection of the factor price possibilities sets for the two sectors) exhibited
some “curvature” due to o/ #a/l. Since any (W, q) combination above the
instantaneous (p" fixed) price efficiency curve is unprofitable and any combina-
tion below resuits in excess profits, the possibility of substitution (variable
coefficients of production) permits either excess profits or, in equilibrium,
higher factor payments relative to the fixed coefficients case. On the quantity
side {with k* fixed), the variable coefficients permit potentially higher output.

Further illustration of the duality of the price and quantity sides of our
production model can be seen from Figure 3A. The dual solution (w',q7)
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indicates that the cost minimizing choice of techniques is M. Ia fact, if we
construct the normals to the factor price constraints for the consumption and
_the capital sectors at the dual factor price solution, they will have slopes
L and r respectively. That is, we have super-imposed the cost-minimizing

o a
unit activity vectors onto Figure 3 at the dual solution. This result — which
is known as Shephard’s Lemma — says that if we differentiate a cost function
with respect to the “optimal” factor prices we will get the cost-minimizing
input/output coefficients. If the cost function is omly subdifferentiable,
Shephard’s Lemma can be generalized using subgradients (see Woodland [1977,
p. 54]). We illustrate the gradient of the cost function by drawing the normal
to the appropriate cost contour (in this case the factor price constraint}. Also,
the direction perpendicular to the objective function y (minimum factor
payments = w" + " k) will be the endowment vector (1, k) which is normal
to the minimum iso-factor payment line which supports the instantaneous price
efficiency curve for the economy. We can see, from Figure 3A, how the activity
levels (c”, x*) can be derived such that the input “normals” fully employ the
given initial endowment (1,%"). In the case of diversification, some linear
combination {determined by the optimal output levels) of the “normals” span
the endowment vector. If only one commodity is produced — for example, if
k had been greater (k’ > k") such that the support point was at A — then
the direction perpendicular or “normal™ to the factor price constraint (for the
consumption sector) is identical to that to the objective function, and the output
level ¢ could be determined such that (2) holds, that is, k¥’ = ac¢”. Since A
is a switching point, either {&' X" or (¢ A°Y could be used and ¢ must vary
accordingly to fully employ the given . Of course, solving for (¢, X} using
the above method should give the same results as using Figure 1, which is not
surprising given the underlying duality and the consequent relationships
between Figures 1 and 2.
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