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Abstract

The term structure of the U.S. market implied volatility is upward-sloping in good and

normal times but downward-sloping in bad times. In addition, the implied volatility

features a smirk in bad and normal times; the implied volatility of out-of-the-money

put options is larger than that of at-the-money and in-the-money puts. As economic

conditions improve, the implied volatility resembles more and more to a smile. We

show that an asset-pricing model with rare disasters followed by recoveries is able to

explain the aforementioned empirical regularities, whereas ignoring recoveries yields

inconsistent predictions.
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1 Introduction

Extensive research has been devoted to the pricing of options (Black and Scholes, 1973; Mer-

ton, 1973) and to the modeling of the implied volatility surface (Gatheral and Taleb, 2011)

because the size of the option market and its influence on the global financial market has

grown exponentially over the years. One of the most famous model is that of Heston (1993),

which assumes that stock returns feature stochastic volatility. In contrast to Black and Sc-

holes’ model, Heston’s model yields an implied volatility that varies with the moneyness of

the option, which is consistent with empirical evidence (Derman, Miller, and Park, 2016).

In this paper, we show empirically that the implied volatility increases with the maturity

of the option in good and normal times. As economic conditions deteriorate, the term

structure of implied volatility becomes downward-sloping. Furthermore, the dependence of

the implied volatility on moneyness varies with economic conditions. The implied volatility

features a smirk in bad and normal times, but resembles more and more to a smile as economic

conditions improve. We build an equilibrium model in which rare economic disasters are

followed by recoveries, and show that the aforementioned empirical findings are consistent

with the predictions of the model.

Our empirical study uses an extensive database of daily S&P 500 (SPX) European op-

tions. The sample starts in January 1996 and ends in April 2016. The slope of the term

structure is measured daily as the difference between the IV of two (synthetic) options with

equal moneyness and varying maturities. To study the conditional movements of the term

structure slope, business and financial cycles (which allow us to separate “good times” and

“bad times”) are identified using a set of 10 economic and financial indicators.1 We also

compute aggregate measures of economic and financial cycles, namely the Aggregate Eco-

nomic Indicator and the Aggregate Financial Indicator, corresponding to the normalized

sum of all individual indicators in each category. Further, we explore the dynamics of the

implied volatility smile/smirk with regards to economic and financial conditions to provide

a comprehensive view on the conditional patterns of the IVS.

Empirical results show a cyclical term structure slope, where slopes are lower in bad times

(and typically negative) than in good times. The average slope between at-the-money SPX

options with 120 and 60 days to maturity is 0.57% in good times and -0.79% in bad times,

based on NBER recession dates. We obtain similar results with the other economic and

1Economic indicators include the NBER Recession Indicator, the OECD Recession Indicator, Hamilton’s
GDP-based Recession Indicator, the Aruoba-Diebold-Scotti Business Conditions Index, and the FRB Dif-
fusion Index for Current General Activity. Financial indicators include year-on-year returns of the S&P
500 Index, the TED spread, the BofA Merrill Lynch US High Yield Option-Adjusted Spread, the CBOE
Volatility Index (VIX), and the Excess-Bond Premium (EBP).
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financial indicators. The differences between the average IV slopes are always statistically

significant. When regressing daily term structure slopes against our set of economic and

financial indicators, we find that the main drivers of the slope are the VIX and the EBP.

The slope is also more sensitive to fluctuations of financial conditions than of economic

conditions. In addition, the influence of economic and financial conditions on the slope is

more pronounced during bad times. For example, our Aggregate Financial Indicator explains

45% of the time-variation in the IV slope for at-the-money SPX options. When conducting

the regression for good and bad times separately, the explanatory power becomes 6.9% and

36.9%, respectively, which shows a stronger relationship between the IV slope and market

conditions in periods of stress. We find similar results when considering aggregate economic

conditions.

Regarding the shape of the volatility surface, we find that the smile is also more pro-

nounced in good times than in bad times. The average skew, capturing the steepness of

the smirk between 1-month options with moneyness levels of 1.05 and 1.00 (defined as the

strike price divided by the price of the underlying asset), declines from -2.35% in good times

to -3.27% in bad times, based on NBER recession dates. On the other hand, the skew be-

tween options with moneyness levels of 1.00 and 0.95 increases from -4.73% in good times to

-4.13% in bad times. The differences between the average skews are statistically significant.

Overall, the opposite variations for the 1.05-1.00 and 1.00-0.95 specifications confirm a more

pronounced smile in good economic and financial times.

To explain the observed relationship between the implied volatility surface and economic

conditions, we consider a pure-exchange Lucas (1978) economy populated by a representa-

tive agent with Epstein and Zin (1989) preferences. In equilibrium, the agent consumes the

aggregate output of the economy, which is subject to rare disasters occurring with stochastic

intensity (Wachter, 2013). The occurrence of each disaster is followed by a recovery period,

which is defined as a period of abnormally high economic growth. Empirical evidence of eco-

nomic disasters followed by recoveries are provided by Gourio (2008), Nakamura, Steinsson,

Barro, and Ursua (2013), and Cavallo, Galiani, Noy, and Pantano (2013).

In a model with recoveries, the implied volatility increases monotonically with the op-

tion’s maturity in good and normal times. As economic conditions deteriorate, the implied

volatility becomes a hump-shaped function of the maturity for in-the-money and at-the-

money puts, and a monotonically decreasing function of the maturity for out-of-the money

puts. In contrast, the implied volatility is monotonically increasing in the maturity irre-

spective of economic conditions in a model without recoveries. The reason is that recoveries

dampen the risk in the long run, and this effect is particularly important when the intensity

of disaster is high, i.e., in bad times.
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The existence of post-disaster recoveries implies an implied volatility smirk in bad and

normal times, and an implied volatility smile in good times. The economic mechanism is as

follows. On the one hand, the potential occurrence of a disaster—a period of abnormally

low economic growth—makes the implied volatility of out-of-the-money put options higher

than that of at-the-money and in-the-money puts (Benzoni, Collin-Dufresne, and Goldstein,

2011). On the other hand, a recovery—a period of abnormally high economic growth—

has the exact opposite impact. It makes the implied volatility if in-the-money put options

higher than that of at-the-money and out-of-the-money puts. The former effect dominates

the latter when the intensity of disasters is not too low, leading to an implied volatility smirk

in bad and normal times. In contrast, both effects have impacts of similar magnitudes when

the disaster intensity is low, therefore generating an implied volatility smile in good times.

At odds with our empirical findings, a model abstracting from recoveries yields an implied

volatility smirk irrespective of economic conditions.

Finally, we show that recoveries also help explain the observed relationships between

economic conditions and the term structures of interest rates, dividend strip return volatility,

and dividend strip risk premia. Consistent with the empirical findings of Kurmann and

Otrok (2013), the model with recoveries implies that the term structure of interest rates is

upward-sloping in bad and normal times but downward-sloping in good times. In contrast, a

model ignoring recoveries yields a decreasing term structure of interest rates unless economic

conditions are particularly bad. Furthermore, the slope of the term structures of dividend

strip return volatility and risk premia is procyclical in the presence of recoveries, which

is in line with empirical evidence (van Binsbergen, Hueskes, Koijen, and Vrugt, 2013; van

Binsbergen and Koijen, 2016). In particular, the term structure of dividend strip return

volatility is downward-sloping in bad and normal times, and becomes upward-sloping in

good times. In contrast, the term structures of dividend strip return volatility and risk

premia are monotone increasing in the model without recoveries, which is inconsistent with

the data.

The remainder of the paper is organized as follows. Section 2 reviews the literature.

Section 3 describes the data. Sections 4 and 5 provide an empirical investigation of the

relationship between the U.S. equity market’s implied volatility surface and economic con-

ditions. Section 6 presents and solves the model. Section 7 illustrates the predictions of the

model and Section 8 concludes. Derivations, robustness checks, and additional results are

provided in the Appendix.
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2 Literature Review

This section surveys the literature on the determinants of IVS movements, which relates to

variations in the term structure and in the smile patterns. We also review applications of

IV term structure variability in the option literature.

2.1 Term Structure Patterns

The variability of the IV term structure is well documented in the finance literature, in partic-

ular for currencies. Xu and Taylor (1994) analyze term structure movements of at-the-money

foreign exchange options on various currency pairs (USD/GBP, USD/DEM, USD/JPY and

USD/CHF options traded on the Philadelphia Stock Exchange), between 1985 and 1989.

They show that IV variability is greater for short-term options. They also discern different

average levels of volatility, possibly signaling the presence of time-varying regimes. Campa

and Chang (1995) extend the research of Xu and Taylor (1994) by studying IV term struc-

ture dynamics for the same set of currencies, between 1989 and 1992. They note that: i)

the term structure varies significantly over time, with similarities across all currencies; ii)

the higher variability of short-term implied volatilities is the leading driver of term structure

movements; and iii) term structure slopes react strongly to market shocks, such as the 1992

crisis.2

Following Campa and Chang (1995), Mixon (2007) examines the IV term structure for

multiple international stock indices, between 1994 and 2001. The slope of the term structure

is measured using the IV differential between at-the-money call options with 1 and 12 months

to maturity. Although his research finds that the term structure is generally upward sloping

(except for the Japanese Nikkei Index), Mixon (2007) notes that the slope becomes negative

in times of market turbulence (including late 1997, 1998 and 2001).

Overall, studies on the determinants of term structure variations remain relatively scarce

in the option literature. The papers mentioned above support a high degree of variability

in IV term structures and a negative correlation between the term structure slope and the

underlying asset’s volatility. In addition, Aijo (2008) finds that term structure variations

for options on a given asset can have a meaningful impact on term structure dynamics for

other securities. In this case, he demonstrates that movements in the term structure of DAX

options influence IVS dynamics for options on the Swiss Market Index and the EuroStoxx

50.3 In this paper, we will seek to understand IVS variations for SPX options as well as for

2This crisis refers to the ”Black Wednesday” that occurred in the U.K. in 1992, when the government
was compelled to withdraw the pound sterling from the European Exchange Rate Mechanism (ERM).

3The DAX is a blue-chip stock market index consisting of the 30 largest firms on the Frankfurt Stock
Exchange. The Euro Stoxx 50 is an index of Eurozone equities designed by STOXX (Deutsche Borse Group).
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various international stock indices.

2.2 Smile Patterns

Although this paper mainly examines conditional variations of the IV term structure, re-

viewing previous studies on the determinants of smile patterns provides valuable insights on

the potential drivers of IVS variations and the techniques to uncover them. Pena, Rubio,

and Serna (1999) study smile dynamics on the IBEX-35 Index (the benchmark of the Bolsa

de Madrid, Spain’s largest stock exchange) between 1994 and 1996. Daily smile shapes

are estimated using a volatility averaging process in pre-established moneyness intervals.

A deterministic function of moneyness is then calibrated to the data to obtain slope and

curvature coefficients. Granger tests indicate that transaction costs (i.e., bid-ask spreads),

market uncertainty (the annualized standard deviation of the IBEX), market momentum (a

moving average measure of the IBEX) and time to expiration are the key determinants of

smile variability.

Hafner, Wallmeiery, and G. (2000) arrive at comparable conclusions in their analysis of

the DAX Index between 1995 and 1999. Implied volatilities are estimated for a maturity

of 45 days, using weighted least squares spline regressions. The steepness of the smile, or

skew, is the differential between implied volatilities at distinct moneyness levels. Hafner

et al. (2000) find that market frictions (measured as a function of trading volume), changing

asset volatility and jumps in the underlying security are important determinants of smile

patterns.

Bates (2000) addresses the impact of economic instability on IV patterns. He portrays the

evolution of the smile for S&P 500 options, following the 1987 financial crisis. Cubic splines

are used to fit daily data, with IV differentials to measure the skew-similar to the approach

of Hafner et al. (2000). Empirical observations show a smirk-shaped IV profile between 1988

and 1993. Higher IV spreads are observed between OTM puts and ATM options in times of

market turbulence, notably during the crisis of October 1989 and the Kuwait crisis of 1990.

Finally, Bollen and Whaley (2004) investigate the impact of supply and demand pressures

on the level and shape of the IV smile. The study examines the IV behavior of S&P 500

Index options, between June 1988 and December 2000, as well as options on 20 individual

stocks, between January 1995 and December 2000. To characterize the IV smile, Bollen and

Whaley (2004) compute the average implied volatility for five different moneyness categories.

The skew is the difference between the average implied volatilities in two different categories.

Their results suggest that option supply and demand levels have a significant influence on

the level and skew of the IV smile. Changes in IV are most strongly affected by net buying
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pressures on out-of-the-money S&P 500 put options.

2.3 Model with Disasters and Recoveries

Our theoretical model is closely related to the asset pricing literature considering rare eco-

nomic disasters. Gabaix (2012) and Wachter (2013) show that a large number of asset pricing

puzzles can be resolved when accounting for either a time-varying severity of disasters or a

time-varying probability of occurrence. Tsai and Wachter (2016) show that a model with

rare booms and disaster can explain the characteristics of the value premium. Seo and

Wachter (2017) explain the high level of implied volatility relative to realized volatility to-

gether with the implied volatility smirk by considering a stochastic intensity rare disaster

model. Hasler and Marfè (2016) show that considering post-disaster recoveries helps explain

the empirically observed downward-sloping term structures of dividend strip return volatility

and risk premia. Motivated by the empirical findings of Gourio (2008) and Nakamura et al.

(2013) which provide evidence that disasters are followed by recoveries, we contribute to the

literature by showing that post-disaster recoveries have to be taken into account in order to

understand the observed relationship between the implied volatility surface and economic

conditions.

3 Data Set

This section describes the option data set employed throughout this study, along with the

various filters applied to the initial database. Various estimation techniques are presented

for the computation of implied volatility values at specific maturity and moneyness levels.

We also outline the economic and financial indicators used in the conditional analysis of the

term structure.

3.1 Database Description

We retrieve end-of-day option data from the OptionMetrics Ivy database.4 Each observation

includes the contract bid and ask prices, strike price, expiration date, exercise style, trading

volume, open interest and implied volatility, as well as the closing price of the underlying

security. The focus of this paper is on the SPX options market, i.e., the most liquid product

offered on the Chicago Board Options Exchange, between January 1996 and April 2016. We

4OptionMetrics Ivy DB US includes historical data for all US listed equities and market indices, as well
as all US listed index and equity options, from 1996 to 2016.
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also conduct an analysis of IV behavior for options on the Russell 2000 and other non-US

securities for robustness (see Appendix A)

OptionMetrics adopts industry standards to compute implied volatilities. A standard

inversion of the Black-Scholes formula is used for European options. Implied volatilities

for American options are obtained through OptionMetrics’ proprietary algorithm based on

the Cox-Ross-Rubinstein binomial tree model (Cox, Ross, Rubinstein, et al., 1979). For all

options, the OptionMetrics algorithm computes interest rates from ICE IBA LIBOR rates

and settlement prices of CME Eurodollar futures,5 with linear interpolation between market

data points. Finally, the algorithm uses a linear regression model based on the put-call parity

to compute the continuous dividend yield on stock indices. For more information, refer to

the OptionMetrics Reference Manual.

Various filters are applied onto the OptionMetrics database to generate the final data set,

following standard practices in the option literature (see, e.g., Bakshi, Cao, and Chen (1997);

Dumas, Fleming, and Whaley (1998); Skiadopoulos, Hodges, and Clewlow (2000)). These

measures, described below, are implemented to minimize market microstructure concerns

and to remove the impact of outliers. The descriptive statistics for the final sample of S&P

500 options are presented in Table 1.

i. Options for which time to expiry is inferior to a week are removed from the sam-

ple. When options are close to maturity, the corresponding implied volatility metrics

become very sensitive to pricing errors and often behave erratically.

ii. Options with maturities over 365 days are omitted, as they are often illiquid.

iii. Options with moneyness levels below 0.8 or above 1.2 are excluded, due to liquidity

concerns and IV sensitiveness to pricing errors. We define moneyness as the ratio of

the strike price to the value of the underlying asset.

iv. Options with IV values below 4% or above 90% are removed from the sample. Such

outliers are often associated with pricing errors.

v. Options priced below $0.10 (as determined by the bid-ask midpoint) are excluded to

reduce distortions from variations in discrete market prices.

vi. Options with zero volume or open-interest are removed from the sample.

vii. We only consider out-of-the-money options - i.e., call options with moneyness equal or

above 1, and put options with moneyness equal or below 1. In-the-money options are

often more expensive and less liquid.

5Overnight London Interbank Offered Rate (LIBOR) rates provided by ICE Benchmark Administration
Limited (IBA). Eurodollar Futures quotes provided by the CME Group (Chicago Mercantile Exchange &
Chicago Board of Trade).
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Table 1: Descriptive Statistics of the Sample of S&P 500 (SPX) Options
This table reports the descriptive statistics for the implied volatility, the moneyness level
(defined as the ratio of the strike price to the value of the underlying asset), the maturity of
the options (in days), the daily trading volume (number of traded contracts) for all available
options, the daily average trading volume per option, the daily open interest (number of
contracts outstanding) for all options, the daily average open interest per option, the number
of options traded per day, the number of available maturities per day, and the average
number of moneyness levels per available maturity, per day. The data set covers the period
between January 4, 1996 and April 29, 2016.

3.2 Implied Volatility Estimation

Option contracts are traded for a finite number of unevenly distributed maturities and mon-

eyness levels. We consider various estimation techniques in this paper to compute daily IV

values at any given maturity or moneyness level. A multivariate interpolation approach,

inspired by Carr and Wu (2008), will serve as the basis for this study. Appendix A presents

variations of that method, as well as an alternative estimation technique based on cubic

spline interpolation, for robustness.

The multivariate interpolation approach that we propose is as follows. For a target time

to maturity τ , we first choose the two closest surrounding maturities among all available

options. At each of the two maturities, we linearly interpolate between traded options to

estimate volatility metrics at the desired moneyness level k. Lastly, we interpolate between

the two estimated values to obtain IV pτ, kq. This approach is hereby termed the Proximal

Trilinear Interpolation Technique (PTIT). In all steps of the PTIT, we allow for extrapolation

of IV values when market data is insufficient to interpolate - within pre-determined limits of

maturity, moneyness, and implied volatility. Appendix B describes this technique in greater

detail and proposes several variations.

We consider the PTIT for two main reasons. First, only four surrounding options are
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sufficient to estimate one IV at specific moneyness and maturity coordinates. As such, we can

precisely calculate an IV without using all the points on the surface - which, in turn, reduces

calculation time. Second, a slight variation of the basic PTIT allows us to incorporate a

liquidity factor in the selection of the ”closest neighbors.” We can thus estimate IV values

using the most traded options available near the target point, without having to increase

liquidity filters on the original database.

3.3 Economic and Financial Conditions

We now present the various economic and financial indicators that we consider to capture

the business cycle and, thus, to distinguish between good and bad times.

3.3.1 Economic Indicators

We measure economic activity using the following indicators: 1) The NBER Recession In-

dicator (NBER), provided by the National Bureau of Economic Research, reflects the US

business cycle based on real GDP, real income, employment, industrial production, as well

as wholesale-retail sales; 2) The OECD Recession Indicator (OECD) combines economic and

market gauges to determine specific start- and end-dates for economic downturns, notably

consumer sentiment, industrial confidence, NYSE share prices, and interest rate spreads; 3)

Hamilton’s GDP-Based Recession Indicator Index (HGR) uses a two-state regime switch-

ing model to determine periods of recessions, based on GDP growth data (see Hamilton

(2011)) The Aruoba-Diebold-Scotti Business Conditions Index (ADS) tracks business con-

ditions through weekly initial jobless claims, monthly payroll employment, industrial pro-

duction, personal income less transfer payments, manufacturing and trade sales, as well as

quarterly real GDP; 5) the FRB Diffusion Index for Current General Activity (FRB) - based

on the Manufacturing Business Outlook Survey of the Federal Reserve Bank of Philadelphia

- reports the change in general business activity for manufacturing firms. Table 2 reports

the descriptive statistics of these economic indicators, with visual representations in Figure

1. All data are retrieved from FRED (website of the Federal Reserve Bank of St. Louis),

except for the ADS Index, issued by the Federal Reserve Bank of Philadelphia.
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Figure 1: Time Series of the Economic Indicators
This figure displays the NBER Recession Indicator (monthly), the OECD Recession Indica-
tor (monthly), Hamilton’s GDP-based Recession Indicator Index (quarterly), the Aruoba-
Diebold - Scotti Business Conditions Index (daily), and the FRB Diffusion Index for Current
General Activity (monthly). Grey-zones denote periods of high economic stress, as defined
by each indicator. Section 3.3 defines the periods of good and bad times for each indicator.
The sample covers the period between January 4, 1996 and April 29, 2016.
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Table 2: Descriptive Statistics of the Economic Indicators
This table reports the descriptive statistics for the NBER Recession Indicator (NBER),
the OECD Recession Indicator (OECD), Hamilton’s GDP-based Recession Indicator Index
(HGR), the Aruoba-Diebold-Scotti Business Conditions Index (ADS), and the FRB Diffu-
sion Index for Current General Activity (FRB). Panel 1 includes statistics for the entire
period. Panels 2 and 3 cover good and bad times, respectively. Section 3.3 defines the
periods of good and bad times for each indicator. The sample covers the period between
January 4, 1996 and April 29, 2016.

We apply decision-rules for each indicator to distinguish between good and bad times.

The NBER and OECD indicators are straightforward to define: values of 0 and 1 designate

times of low and high economic stress, respectively. For the other indicators, dates corre-

sponding to the bottom quintile of the time-series capture bad times. The exception is the

HGR indicator, which is countercyclical. As such, the top quintile reflects bad times in this

case.

3.3.2 Financials Indicators

Five financial indicators are considered in this study: 1) Year-on-year returns of the S&P 500

Index (YOY) determine the level of stock market performance; 2) The TED spread (TED) -

the rate differential between the 3-Month U.S.-based LIBOR and the 3-Month Treasury Bill

- is an indication of monetary liquidity and overall economic stability, and thus measures

the perceived level of risk in the financial system; 3) The BofA Merrill Lynch US High Yield

Option-Adjusted Spread (BAML) indicates the state of the corporate economy through credit

quality. It is measured as the spread between a computed Option-Adjusted Spread (OAS)
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index of junk-bonds (rated BB or below) and a spot Treasury curve; 4) The VIX, provided

by the Chicago Board Options Exchange, reflects the market’s 30-day volatility expectations

and measures market uncertainty. 5) the EBP, introduced by Gilchrist and Zakrajsek (2012),

serves as a measure of investor sentiment. Descriptive statistics are reported in Table 3, with

visual representations in Figure 2. All data is retrieved from FRED (website of the Federal

Reserve Bank of St. Louis), except for S&P 500 values and the Excess-Bond Premium

indicator, issued by OptionMetrics and the U.S. Federal Reserve, respectively.
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Figure 2: Time Series of the Financial Indicators
This figure displays year-on-year returns of the S&P 500 Index (daily), the TED spread
(daily), the BofA Merrill Lynch US High Yield Option-Adjusted Spread (daily), the CBOE
Volatility Index (daily), and the Excess-Bond Premium (monthly). Grey-zones denote pe-
riods of financial instability, as defined by each indicator. Section 3.3 defines the periods of
good and bad times for each indicator. The sample covers the period between January 4,
1996 and April 29, 2016.
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Table 3: Descriptive Statistics of the Financial Indicators
This table reports the descriptive statistics for the year- on-year returns of the S&P 500 Index
(YOY), the TED spread (TED), the BofA Merrill Lynch US High Yield Option- Adjusted
Spread (BAML), the CBOE Volatility Index (VIX), and the Excess-Bond Premium (EBP).
Panel 1 shows statistics for the entire considered period. Panels 2 and 3 cover good and bad
times, respectively. Section 3.3 defines the periods of good and bad times for each indicator.
The sample covers the period between January 4, 1996 and April 29, 2016.

We apply quintile-based decision rules to each financial indicator to determine good and

bad times. Dates corresponding to the top quintile of the time-series are consistent with

periods of financial stress. The YOY indicator is an exception, with the bottom quintile

serving as an indication of financial stress.

4 Term Structure Analysis

The following section examines the dynamics of the IV term structure for S&P 500 options.

In particular, we study how the slope of the IV term structure varies with economic and

financial conditions.

4.1 Term Structure Measurement

We measure the daily slope of the term structure by means of an IV differential method, using

the implied volatility span between two options with equal moneyness levels and different
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maturities.

Figure 3: Dynamics of the Slope of the Term Structure - ATM options
This figure shows the evolution of the term structure slope for S&P 500 options, which
is the implied volatility (IV) differential between two options of different maturities but
identical moneyness. The top panel considers options with 90 and 30 days to maturity,
while the middle panel considers options with 120 and 60 days to maturity. All options are
at-the-money (ATM). IV values are computed using the Proximal Trilinear Interpolation
Technique. The time series of the top two panels are smoothed using a 10-day moving
average for visual clarity. The bottom panel shows the year-on-year return of the S&P 500
Index for comparative purposes. Shaded areas represent periods of NBER recessions. The
sample covers the period between January 4, 1996 and April 29, 2016.

The use of IV differentials is standard in the option literature - see Mixon (2007) and

Vasquez (2017) with regards to term structure slopes, or Bates (2000) and Hafner et al.

(2000) for representations of smile shapes. The slope is defined as follows:

TSt � IVtpk, T2q � IVtpk, T1q

where TSt is an indication of the term structure slope on day t, k is the moneyness level,

and T is the time to maturity for each option (with T2 ¡ T1). Both IV values are obtained

through the Proximal Trilinear Interpolation Technique. We consider two sets of maturities

- namely options with 90 and 30 days to maturity, as well as options with 120 and 60 days
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to maturity. Descriptive statistics of the term structure time series are reported in Table 4,

with visual representations in Figure 3.

Table 4: Slope of the Term Structure by Moneyness
This table reports descriptive statistics for the slope of the term structure for S&P 500
options. Statistics include the average term structure slope, the standard deviation of the
term structure, and the p-value of the data set for a one-sample t-test. Panel 1 considers
the slope between implied volatility (IV) observations for options with 90 and 30 days to
maturity. Panel 2 considers options with 120 and 60 days to maturity. Each panel reports
statistics for three moneyness levels (defined as the strike price of the option to the price of
the underlying asset): 0.95, 1.00, and 1.05. All IV values are computed using the Proximal
Trilinear Interpolation Technique. The sample covers the period between January 4, 1996
and April 29, 2016.

Observations for S&P 500 Index options indicate a positive average slope at moneyness

levels of 1.00 and 1.05, and a negative average slope at a moneyness level of 0.95. For the 90-

30 term structure specification, the average slopes at moneyness levels of 0.95, 1.00 and 1.05

are -1.30%, 0.65% and 0.80%, respectively. For the 120-60 specification, the average slopes

at moneyness levels of 0.95, 1.00 and 1.05 are -0.36%, 0.42% and 0.87%, respectively. Based

on one-sample t-tests, all slopes are statistically significant. Furthermore, slopes appear to

be highly time varying (see Figure 3).

4.2 Conditional Term Structure Analysis

We now analyze the dynamics of the slope of the term structure. We first compare average

term structure slopes in good and bad times and then carry a regression analysis. In this

section, slopes are computed daily using the IV differential between two options with 120

and 60 days to maturity. Section A.2 analyzes other maturities for robustness.
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Table 5: Conditional Descriptive Statistics of the S&P 500 IV Term Structure
– Maturities of 120 and 60 Days
This table reports descriptive statistics of the term structure slope for various economic
and financial conditions. The term structure slope is defined as the difference between the
estimated implied volatilities of options with 120 and 60 days to maturity. Panel 1 to 3 show
the results for moneyness levels of 0.95, 1.00 and 1.05, respectively. Columns (1) to (3) show
average IV term structure slopes unconditionally, in good times, and in bad times, respec-
tively. Column (4) presents the difference between (2) and (3), while Column (5) displays
p-values for the two-sample t-test. Economic indicators include the NBER Recession Indi-
cator (NBER), the OECD Recession Indicator (OECD), Hamilton’s GDP-based Recession
Indicator Index (HGR), the Aruoba - Diebold - Scotti Business Conditions Index (ADS),
and the FRB Diffusion Index for Current General Activity (FRB). Financial indicators in-
clude year-on-year returns of the SP 500 Index (YOY), the TED spread (TED), the BofA
Merrill Lynch US High Yield Option-Adjusted Spread (BAML), the CBOE Volatility Index
(VIX), and the Excess-Bond Premium (EBP). Section 3.3 defines these various indicators
and the indicator-specific periods of good and bad times. The sample covers the period
between January 4, 1996 and April 29, 2016.
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Table 5 shows that the slope is higher in good times than in bad times. For ATM

options (Panel 2), the average slope is positive in good times (between 0.57% and 0.69% with

economic indicators, and between 0.54% and 0.76% with financial indicators) but negative

in bad times (between -0.79% and -0.18% with economic indicators, and between -0.93% and

-0.02% with financial indicators). Panels 1 and 3 provide similar results for moneyness of

0.95 and 1.05. Results are thus consistent for in, at, or out of the money options.

The difference between the average slopes in good and bad times is statistically significant

for all economic and financial indicators. Options with longer maturities thus display lower

IV values than their shorter-term counterpart during periods of stress, suggesting market

expectations that volatility will revert to long-term levels.

4.3 Regression Analysis

We now analyze the relationship between the slope of the term structure and the financial

and economic indicators. We consider at-the-money S&P 500 options with 120 and 60 days

to maturity.6

4.3.1 Methodology

All economic and financial indicators described in Tables 2 and 3 will serve as independent

variables in the regression analysis below, either individually or jointly. Monthly indicators

are transformed by keeping the indicator value for a given month to all days in that month.

All independent variables are standardized - i.e., centered at a mean of 0 and variance of 1

- to allow for adequate comparisons between regression coefficients. The slope of the term

structure is multiplied by 100. Altogether, we estimate the following model on a daily basis:

IVtpT2, kq � IVtpT1, kq � βi,0 � βi,1 � INDi,t � εi,t

where IVt is the implied volatility that we estimate on day t using the PTIT approach, as a

function of moneyness level k and maturity T (with T2 ¡ T1); βi,0 is the constant coefficient

associated with the specification with indicator i, which corresponds to the average IV slope

from the standardization of the independent variables; βi,1 is the slope coefficient for indicator

i; INDi,t is the value of indicator i on day t; and εi,t is the error term for indicator i.

Regressions are conducted for each indicator separately and for combinations of the various

economic and financial indicators. We compute all t-statistics using Newey-West standard

errors with 10 lags.

6Regressions with alternative maturities (e.g., 90-30) and other moneyness generate very similar results.
The tables are unreported for space consideration but remain available upon request.
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Additionally, we compute aggregate measures of business cycle variations that we use as

independent variables for the regression analysis - namely the Aggregate Economic Indicator

(AEI) and the Aggregate Financial Indicator (AFI). The AEI is computed as the sum of

the economic indicators listed in Table 2, each standardized and adjusted so that bad times

correspond to the lower part of the time series (i.e., the NBER, OECD and HGR indicators

are reversed). The AEI is also centered at a mean of 0 and variance of 1. Similarly, the

AFI is calculated as the standardized sum of the centered and directionally-adjusted financial

indicators. Figure 4 illustrates the aggregate indicators and show that both measures capture

distinct periods of economic and financial stress.

Figure 4: Dynamics of the Aggregate Economic and Financial Indicators
The top panel displays the evolution of the Aggregate Economic Indicator between January
4, 1996 and April 29, 2016, measured as the sum of the economic indicators listed in Table
2, each standardized and directionally adjusted. The AEI is centered at a mean of 0 and
scaled at a variance of 1. The bottom panel shows the Aggregate Financial Indicator between
January 2, 1997 and April 29, 2016, also measured as the standardized sum of the centered
and directionally-adjusted financial indicators. Shaded areas represent periods of stress
according to each indicator, i.e., the observations corresponding to the bottom quintile of
the time series.

4.3.2 Main Results

Table 6 presents the regression results based on the individual economic indicators. Constant

parameters, representing the average term structure slope, amount to 0.42% - in line with
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our previous findings. The slope coefficients show the positive linear relationship between

variations in economic conditions and the term structure slope. We obtain negative coeffi-

cients for the NBER, OECD and HGR indicators, which are high in bad times. Inversely, the

cyclical ADS and FRB indicators display positive coefficients. All regression parameters are

statistically significant, which indicates that the slope of the term structure is always higher

in good times than in bad times. This finding is consistent across the various measures of

economic conditions.

Table 6: Relation between the Slope of the Term Structure and Individual Eco-
nomic Indicators
This table reports the results of the regression analysis of the term structure slope for S&P
500 options against economic indicators. The dependent variable is the slope of the term
structure, which is computed as the IV differential between at-the-money options with 120
and 60 days to maturity. All IV values are computed using the Proximal Trilinear Interpo-
lation Technique. The independent variables are: the NBER Recession Indicator (NBER),
the OECD Recession Indicator (OECD), Hamilton’s GDP-based Recession Indicator Index
(HGR), the Aruoba-Diebold-Scotti Business Conditions Index (ADS), and the FRB Diffu-
sion Index for Current General Activity (FRB). We compute t-statistics (reported below the
coefficients) using Newey-West standard errors with 10 lags. See section 3.3 for a definition
of the economic indicators. The sample covers the period between January 4, 1996 and
April 29, 2016.

The coefficients of determination are similar across indicators, from 11.9% (OECD) to

18.3% (HGR). The multivariate regression of term structure slopes against all economic indi-

cators shows that economic conditions explain about 22% of term structure slope variations.

The FRB Diffusion Index for Current General Activity (FRB) and Hamilton’s GDP-based

Recession Indicator Index (HGR) are the main drivers of the relationship, with t-statistics

of 3.53 and 2.85, respectively. Note that the FRB and HGR are also, individually, the indi-

cators that contribute the most to the variations of the IV term structure, as indicated by
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their coefficients of determination of 17.5% and 18.3%, respectively.

The study of financial indicators yields similar conclusions (see Table 7). Results for

univariate regressions suggest that term structure slopes decrease during bad times, as in-

dicated by the negative slope coefficients for the TED, BAML, VIX, and EBP indicators.

The relation is positive between the slope and the YOY indicator, where bottom quintile

observations of YOY define periods of financial instability. All regression parameters are

statistically significant. The coefficients of determination vary substantially across financial

indicators, ranging between 16.9% (TED) and 51.8% (VIX). Results for the multivariate

linear regression, combining all financial indicators, indicate that market conditions explain

65% of term structure slope variations, mostly driven by the year-on-year returns of the

S&P 500 Index, the BAML and the VIX. The explanatory power of the financial variables

to term structure slope variations is about three times larger than the explanatory power of

the economic indicators.

Table 7: Relation between the Slope of the Term Structure and Individual
Financial Indicators
This table reports the results of the regression analysis of the term structure slope for
S&P 500 options against financial indicators. The dependent variable is the slope of the
term structure, which is computed as the IV differential between at-the-money options with
120 and 60 days to maturity. All IV values are computed using the Proximal Trilinear
Interpolation Technique. The independent variables are: the year-on-year returns of the
S&P 500 Index (YOY), the TED spread (TED), the BofA Merrill Lynch US High Yield
Option-Adjusted Spread (BAML), the CBOE Volatility Index (VIX), and the Excess-Bond
Premium (EBP). We compute t-statistics (reported below the coefficients) using Newey-West
standard errors with 10 lags. See section 3.3 for a definition of the financial indicators. The
sample covers the period between January 4, 1996 and April 29, 2016 (except for columns
(3) and (6), covering the period between January 2, 1997 and April 29, 2016).

Table 8 reports the results when using our aggregate indicators, which provide further
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evidence of the cyclicality of the term structure slope. The slope coefficients amount to

0.52 and 0.80 with regards to the AEI and AFI, respectively, suggesting a decrease in term

structure slopes following a deterioration of economic and market conditions. All regression

parameters are statistically significant. Also, the IV term structure appears to be more sen-

sitive to variations in the Aggregate Financial Indicator than to variations in the Aggregate

Economic Indicator, which confirms our previous finding based on individual series. The

adjusted R2 value is 45.04% for the AFI, whereas it is 20.09% for the AEI - again supporting

a stronger relationship between the slope of the term structure and financial conditions.

Table 8: Relation between the Slope of the Term Structure and the Aggregate
Economic and Financial Indicators.
This table reports the results of the regression analysis of the term structure slope for S&P
500 options against the aggregate economic and financial indicators. The dependent variable
is the slope of the term structure, which is computed as the IV differential between at-the-
money options with 120 and 60 days to maturity. All IV values are computed using the
Proximal Trilinear Interpolation Technique. The independent variables are the Aggregate
Economic Indicator and the Aggregate Financial Indicator. For each indicator, results are
presented for three simple linear regressions: for the full period, good times and bad times.
See section 3.3 for a definition of the aggregate indicators and a definition of good and bad
times. We compute t-statistics (reported below the coefficients) using Newey-West standard
errors with 10 lags. The sample covers the period between January 4, 1996 (January 2, 1997)
and April 29, 2016 for the Aggregate Economic (Financial) Indicator.

We now extend the analysis by conducting regressions of term structure slopes against

the Aggregate Economic Indicator and the Aggregate Financial Indicator, for good and

bad times separately. Bad times are defined for both aggregate indicators as the periods

associated with the bottom quintile of their time series, while good times correspond to

the remaining observations. The independent variables are standardized to facilitate the

interpretation of the results.

Table 8 suggests that the constant parameters (i.e., the average IV term structure slopes)

are positive in good times and negative in bad times: 0.64 against -0.45 for the AEI, and

0.77 vs. -0.88 for the AFI. Slope coefficients show that the term structure is more sensitive

to variations in the aggregate indicators during bad times. For the AEI, a coefficient of 0.61

during periods of stress compares to a coefficient of 0.13 in good times. Similarly, for the
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AFI, the coefficient of 1.00 during bad times is much higher than the coefficient of 0.20 in

good times. All parameters are different from 0 at a 1% level of significance. Coefficients

of determination are also higher in bad times: 12.8% and 36.9% for the AEI and AFI,

respectively, vs. 2.4% and 6.9% in good times. In sum, the slope of the term structure

does not only decrease in bad times, but it also becomes more sensitive to fluctuations in

economic and market conditions.

Overall, we find that there is a positive relationship between the slope of the IV term

structure and the state of the economy and that the sensitiveness of the slope to the indicators

rises in bad times. Furthermore, we show that financial indicators are particularly relevant

for understanding the dynamics of the IV term structure. Appendix A provides a robustness

analysis of these results.

5 Smile/Smirk Patterns

In this section, we investigate the conditional dynamics of the volatility smile/smirk for

SPX options. The option sample covers the period between January 4, 1996 and April 29,

2016. We measure the volatility skew as the IV differential between two options of different

moneyness with 30 days to maturity. One-month maturity options are often used in option

literature to study smile patterns - see Dennis, Mayhew, and Stivers (2006) or Yan (2011).

We exploit two ranges of moneyness: 1.00 to 0.95 and 1.05 to 1.00. All implied volatilities

are estimated using the PTIT. Good and bad times are defined according to the 10 indicators

presented in section 3.3. Descriptive statistics and results for the conditional analysis of the

skew are presented in Tables 9 and 10. First, Table 9 shows that the skew is more pronounced

for 1.00-0.95 options (out-of-the money puts) than for 1.05-1.00 options (out-of-the money

calls). This asymmetry confirms the typical shape of the volatility smile/smirk.

Table 9: Descriptive Statistics for the Skew
This table reports descriptive statistics for the skew of S&P 500 options. Statistics include
the average skew, the standard deviation of the skew, and the p-value of the data set for
a one-sample t-test. Statistics are reported for two sets of moneyness: 1.00-0.95 and 1.05-
1.00. All IV values are computed using the Proximal Trilinear Interpolation Technique. The
sample covers the period between January 4, 1996 and April 29, 2016.
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For the 1.05-1.00 specification, the average skew is significantly lower during periods of

stress for all indicators (between -3.55% and -2.79%) than during good times (between -2.37%

and -2.17%). With regards to the regression analysis, the constant coefficient (i.e., average

skew) is negative and displays a high t-statistics in all cases. We also observe significant

slope coefficients for all indicators. The coefficients are positive for the ADS, FRB and

YOY indicators (with bad times corresponding to the lowest values of the times series), and

negative for the NBER, OECD, HGR, TED, BAML, VIX and EBP indicators (with bad

times corresponding to the highest values of the time series). Therefore, results suggest a

decrease in the skew in periods of stress. For the 1.00-0.95 specification, the average skew is

higher during periods of stress for most indicators (between -4.33% and -4.03% in bad times,

and between -4.83% and -4.73% in good times).7 Overall, the opposite variations for the

1.05-1.00 and 1.00-0.95 specifications confirm a more pronounced smile in good times than

in bad times.

6 The Model

In this section, we describe the economy, we solve for the European put option written on

the equilibrium market price, and choose model parameters that match the key moments of

aggregate consumption and dividend growth rates.

6.1 The Economic Framework

We consider a pure-exchange economy (Lucas, 1978) populated by a representative investor

with recursive preferences (Epstein and Zin, 1989). The investor’s utility function is defined

by

Ut �
�
p1� δdtqC

1�γ
θ

t � δdtEt
�
U1�γ
t�dt

� 1
θ

� θ
1�γ

,

where Ct is consumption, δ is the subjective discount factor per unit of time, γ is the

coefficient of relative risk aversion, ψ is the elasticity of intertemporal substitution (EIS),

θ � 1�γ

1� 1
ψ

, and dt is a time interval.

There are three risky securities. The first, in supply of one unit, pays the aggregate output

of the economy which is equal to the investor’s aggregate consumption, Ct, in equilibrium.

7Additional regression results for the smile are presented in Appendix C. We find significant slope co-
efficients for all indicators, except for the TED and VIX indicators (positive for the NBER, OECD, HGR,
BAML and EBP indicators, with bad times corresponding to the highest values, and negative for the ADS,
FRB and YOY indicators, with bad times correspond to the lowest values).
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Table 10: Conditional Descriptive Statistics of the S&P 500 IV Skew – Maturity
of 30 Days
This table reports descriptive statistics of the volatility skew for various economic and
financial conditions. The skew is defined as the difference between the estimated implied
volatilities of options with distinct moneyness, at a maturity of 30 days. Panel 1 and 2 show
the results for moneyness specifications of 1.05-1.00 and 1.00-0.95, respectively. Columns (1)
to (3) show average IV term structure slopes for the entire period, good times and bad times
(as defined by each indicator), respectively. Column (4) presents the difference between (2)
and (3), while Column (5) displays p-values for the two-sample t-test. Section 3.3 defines
the various indicators and the indicator-specific periods of good and bad times. The sample
covers the period between January 4, 1996 and April 29, 2016.

The second, in zero net supply, is a stock that pays a dividend, Dt. The third, in zero net

supply, is a European put option written on the stock. There is also one risk-free asset, in

zero net supply, paying the risk-free rate rft to be determined in equilibrium.

Aggregate consumption, Ct, and the dividend paid by the stock, Dt, are characterized as

follows:

logCt �xt � zt,

logDt �αpxt � ztq, (1)
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with

dxt �pµt � 1
2
σ2
xqdt� σxdBxt,

dzt �� φzztdt� ξtdNzt,

dλt �φλpλ̄� λtqdt� σλ
a
λtdBλt,

dµt �φµpµ̄� µtqdt� σµdBµt,

where pBxt, Bλt, BµtqJ is a standard Brownian motion and Nzt is a Poisson process with

stochastic intensity λt. The jump size ξt follows a negative time invariant exponential dis-

tribution with parameter η. That is, the jump size is negative and characterized by the

following moment-generating function:

%puq � Et
�
euξt

� � 1

1� u
η

.

The log-consumption process is a sum of two terms. The first term, xt, is the consumption

growth rate had there been no disasters and consequently no recoveries either. The aim of

the second term, zt, is to model disasters and recoveries. Conditional on the occurrence of a

disaster (dNt � 1), the log-consumption drops instantaneously by an amount ξt. Following

the drop, the process zt reverts back to zero at speed φ and therefore implies a consumption

recovery. If the mean-reversion speed φ is equal to zero, there are no recoveries and disasters

are permanent. The dividend process in (1) is a levered claim of aggregate consumption

(Abel, 1999). The parameter α determines the severity of leverage. Indeed, αξt represents

the size of the drop in log-dividend conditional on the occurrence of a disaster, while ασx is

(the continuous part of) the volatility of the log-dividend.

6.2 Characterization of Asset Prices

We follow Eraker and Shaliastovich (2008) to solve for asset prices. The representative

investor’s log wealth-consumption ratio, wct is characterized in Proposition 1 below.

Proposition 1. In equilibrium, the investor’s log wealth-consumption ratio satisfies

wct � log
Wt

Ct
� A�BJYt, (2)

where “J” is the transpose operator, and Yt � pxt, µt, zt, λtqJ is the vector of state variables.

The coefficients A P R and B P R4 solve a system of equations provided in Appendix D.

Proof. See Appendix D.
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The risk-free rate rft, market price of continuous risk vector Λc
t , and market price of jump

risk vector Λd
t are defined in Proposition 2.

Proposition 2. The dynamics of the state-price density Mt are written

dMt

Mt

� �rftdt� pΛc
tqJdBt �

4̧

i�1

�
Λd
t

i
dN i

t � Et
�

Λd
t

i
	
lipYtqdt

	
,

where the risk-free rate rft, the market price of continuous risk Λc
t , and the market price of

jump risk Λd
t satisfy

rft � Φ0 � ΦJ
1 Yt, (3)

Λc
t � ΣpYtqJΩ,

Λd
t

i � 1� eΩiJit , where i � 1, . . . , 4 stands for the i-th coordinate.

The vector of jump sizes Jt, the vector of jump intensities lpYtq, the vector Ω P R4, and the

matrix ΣpYtq P R4�4 are provided in Appendix D. The coefficient Φ0 P R and Φ1 P R4 solve

a system of equations provided in Appendix E.

Proof. See Appendix E.

The log price-dividend ratio, pdt, is characterized in Proposition 3 below.

Proposition 3. The equilibrium log price-dividend ratio of the stock satisfies

pdt � log
Pt
Dt

� Ad �BJ
d Yt. (4)

The coefficients Ad P R and Bd P R4 solve a system of equations provided in Appendix F.

Proof. See Appendix F.

The price of a European put option, putt, written on the stock is characterized in Propo-

sition 4 below.

Proposition 4. The price of a European put option written on the stock satisfies

putt � EQ
t

�
e�

³T
t rsds max p0;K � PT q

	
� KGtplogK � Ap; τ, 04�1, Bpq � eApGtplogK � Ap; τ, Bp, Bpq,

where K is the strike price, Q is the risk-neutral measure characterized in Appendix G, and

τ � T � t is the time to maturity. The coefficients Ap P R, Bp P R4, and the function

Gtp.; ., ., .q P R are provided in Appendix H.
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Proof. See Appendix H.

The implied-volatility of the European put option, σBSt , is provided in Definition 1 below.

Definition 1. The implied-volatility of the European put option, σBSt , is such that

putt � putBSt � e�rftτKΦ
��d2pσBSt q�� Pte

�gtτΦ
��d1pσBSt q� ,

where gt � e�pdt is the dividend yield of the stock and Φp.q is the Gaussian cumulative

distribution function with mean 0 and variance 1. The functions d1p.q and d2p.q satisfy

d1pσBSt q � log pPt{Kq �
�
rft � gt � 1

2
pσBSt q2� τ

σBSt
?
τ

,

d2pσBSt q � d1pσBSt q � σBSt
?
τ .

6.3 Calibration

Table 11 provides the parameters of the model. The disaster intensity parameters as well

as the mean and volatility of consumption growth in normal times (i.e, in a world without

disasters) are borrowed from Wachter (2013). The disaster size parameter implies that the

average jump in log consumption conditional on a disaster is �25%, which is consistent

with the estimation of Barro and Ursua (2008). The speed of recovery parameter implies

that a 50% recovery from the disaster occurs in about 3.5 years, which matches the number

estimated in Gourio (2008) and Nakamura et al. (2013). The mean-reversion speed and

volatility of expected consumption growth as well as the leverage and preference parameters

are in line with the long-run risk literature (Bansal and Yaron, 2004).

7 Theoretical Results

In this section we investigate the sensitivity of the implied-volatility surface to changes in

economic conditions. We show that the slope of the term structure of implied-volatility is

pro-cyclical, being positive in good times (when the disaster intensity is close to zero) and

negative in bad times (when the disaster intensity is high). In good times, the model yields

an implied-volatility smile, whereas it generates an implied-volatility smirk otherwise.

7.1 Model-Implied Volatility Surface

Figure 5 depicts the term structure of implied volatility for different moneyness and states

of the economy. When there are no recoveries (lower panels), the term structures of implied
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Parameter Symbol Value
Volatility of consumption growth (normal times) σx 0.02
Long-term expected growth (normal times) µ̄ 0.0252
Volatility of expected growth (normal times) σµ 0.01
Reversion speed of expected growth (normal times) φµ 0.2
Reversion speed of jump intensity φλ 0.08
Long-term jump intensity λ̄ 0.0355
Volatility of jump intensity σλ 0.067
Disaster size parameter η 4
Speed of recovery φz 0.2
Leverage parameter α 2
Relative risk aversion γ 10
Elasticity of intertemporal substitution (EIS) ψ 1.75
Subjective discount factor δ 0.96

Table 11: Parameter Values

volatility are upward-sloping irrespective of the moneyness and state of the economy. The

reason is that a time-varying disaster intensity and expected dividend growth implies that

long-term dividend growth rates are more risky than short-term ones (Hasler and Marfè,

2016), which translates into more risky stock returns in the long term than in the short

term when the agent has a preference for early resolution of uncertainty (γ ¡ 1{ψ with

ψ ¡ 1). By definition, the existence of recoveries dampens the risk of long-term dividend

growth rates relative to short-term ones. This implies that the risk of long-term stock returns

relative to short-term ones tends to decrease, thereby generating a more hump-shaped or

even downward-sloping term structure of implied volatility (upper panels). While the latter

effect remains relatively weak when economic conditions are good, it becomes stronger as

economic conditions deteriorate. The reason is that a high disaster intensity (high risk)

today forecasts a lower intensity (lower risk) in the future due to mean reversion. As a

result, the implied volatility tends to be lower in the long term than in the short term.

Figure 6 depicts the model-implied volatility smirk/smile under different economic con-

ditions. Good, normal, and bad times are defined as periods in which the disaster intensity

is low, moderate, and high, respectively. When there are no post-disaster recoveries (lower

panels), we observe an implied-volatility smirk in each state of the world. It is the existence

of disasters that explains why out-of-the-money puts have a larger implied volatility than

at-the-money and in-the-money puts (Benzoni et al., 2011). When there are post-disaster

recoveries (upper panels), the implied-volatility smirk is particularly severe in bad times,

it is moderate in normal times, and it transforms into an implied-volatility smile in good

times. While the possible occurrence of disasters tends to increase the implied volatility
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Figure 5: Term Structure of Implied Volatility vs. Economic Conditions

The upper panels depict the term structures of implied volatility for different moneyness
when the model features post-disaster recoveries. The lower panels depict the term struc-
tures of implied volatility for different moneyness when the model does not feature post-
disaster recoveries. Each curve represents a different economic condition, as measured by
the disaster intensity. Note that we set γ � 1.5 in the no recovery case to insure finiteness
of prices. State variables are zt � 0 and µt � µ̄, and the calibration is provided in Table 11.

of out-of-the-money puts relative to that of at-the-money and in-the-money puts, the exis-

tence of recoveries—abnormally high growth rates—generates the exact opposite effect. It

increases the implied-volatility of in-the-money puts relative to that of at-the-money and

out-of-the-money puts. While the former effect dominates when the intensity of disasters is

sufficiently large, both effects are of the same order of magnitude when the disaster intensity

is low, thereby creating an implied-volatility smile.
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Figure 6: Implied-Volatility Smirk/Smile vs. Economic Conditions

The upper panels depict the 6-month implied-volatility smirk/smile for different economic
conditions, as measured by the value of the disaster intensity, when the model features
post-disaster recoveries. The lower panels depict the 6-month implied-volatility smirk/smile
for different economic conditions when the model does not feature post-disaster recoveries.
The right panels zooms on the 6-month implied-volatility smirk/smile in good times. Note
that we set γ � 1.5 in the no recovery case to insure finiteness of prices. State variables are
zt � 0 and µt � µ̄, and the calibration is provided in Table 11.

8 Conclusion

We empirically show using options written on the U.S. equity market that the implied volatil-

ity increases monotonically with the option’s maturity in good and normal times, but be-

comes decreasing when the economy enters a bad state. In addition, the implied volatility
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is skewed in bad and normal times, but resembles more and more to a smile as economic

conditions improve. We build an asset pricing model in which rare disasters are followed by

recoveries, and show that the predictions of the model are in line with our empirical findings.
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Appendix

A Robustness Analysis (IV Term Structure)

In this section, we provide additional results to confirm the robustness of our prior findings.

First, we replicate our analysis by applying four different models for the estimation of the

IVS, in addition to the Proximal Trilinear Interpolation Technique used in previous sections.

Second, we analyze the movements of the IV term structure for different option specifications.

Third, we investigate the conditional patterns of the IV term structure for five alternative

equity indices, in the U.S. and across the world.

A.1 Alternative Estimation Models

We now investigate the robustness of our empirical results to four additional estimation

methods. Model 1 reproduces the nearest-neighbor interpolation method of the PTIT with-

out extrapolation - therefore restricting the estimation of IV values within the bounds of the

”traded” IVS. Model 2 stands in-between the PTIT and Model 1, allowing for extrapola-

tion on the moneyness axis. Model 3 incorporates a liquidity factor in the selection of the

”nearest neighbors” - i.e., moneyness and maturity ranges are specified around the target

identity, and the four most traded options within these limits are selected for the estimation

of implied volatility. Lastly, Model 4 uses cubic spline interpolation to estimate the IVS.8

Appendix B offers a detailed description of each model. Empirical results are reported in

Appendix B.3.

For the 120-60 term structure specification at a moneyness level of 1, we find lower (and

typically negative) average slopes in bad times vs. average slopes in good times, across

all estimation methods. In addition, the results of (unreported) regressions are similar for

all approaches: 1) Statistically significant slope coefficients indicate a positive relationship

between business conditions and term structure slopes; 2) The strength of the relationship

is generally higher for financial indicators than for economic indicators (R2 between 17%

and 52% for financial indicators, and between 8% and 18% for economic indicators); 3)

Constant coefficients are higher during good times than during periods of stress; and 4)

Slope coefficients are larger during bad times, indicating that the sensitivity of the term

structure to variations in business conditions is more pronounced during periods of stress.

We note that the basic PTIT and both the Models 1 and 2 display very similar results,

slightly superior to Models 3 and 4 in terms of R2 values, slope coefficients and t-statistics.

8The fit MATLAB function is employed for the application of the cubic spline interpolation method.
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Altogether, the results of this paper appear to be consistent across a variety of IVS estimation

methods.

A.2 Alternative Specifications

We now verify the robustness of the results by looking at option pairs with 90 and 30 days

to maturity.

Table A.1 shows that, in most cases, the slope of the term structure is significantly lower

during bad times, which confirm our previous findings. Overall, we confirm that the IV

slope is cyclical under various term structure specifications, with a slightly more pronounced

distinction between good and bad times at a moneyness level of 1 (average difference of

1.6% between good and bad times for the 90-30 specification, and 1.2% for the 120-60 term

structure specification).

Regression results for all options sets also align with previous findings for both matu-

rity sets (90-30 and 120-60). Unreported results indicate that the slope coefficients of the

univariate regressions are almost always statistically significant and thus confirm a positive

relationship between the slope of the IV term structure and business conditions. When con-

sidering the financial indicators, the slope coefficients are statistically significant at a 1%

level significance for all indicators across all specifications, except for the TED spread. Also,

empirical results show higher slope coefficients and R2 values during bad times - indicating

a stronger relationship between these indicators and the term structure slope in periods of

stress. Overall, the findings of the paper are robust across various moneyness and maturity

levels, with limited discrepancies between the different specifications considered.
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Table A.1: Conditional Descriptive Statistics of the S&P 500 IV Term Structure
– Maturities of 90 and 30 Days
This table reports descriptive statistics of the term structure slope for various economic
and financial conditions. The term structure slope is defined as the difference between the
estimated implied volatilities of options with 90 and 30 days to maturity. Panel 1 to 3 show
the results for moneyness levels of 0.95, 1.00 and 1.05, respectively. Columns (1) to (3)
show average IV term structure slopes unconditionally, in good times, and in bad times,
respectively. Column (4) presents the difference between (2) and (3), while Column (5)
displays p-values for the two-sample t-test. Section 3.3 defines the various indicators and
the indicator-specific periods of good and bad times. The sample covers the period between
January 4, 1996 and April 29, 2016.
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A.3 Alternative Securities

The analysis of the S&P 500 option market constitutes the core of this study. We now

consider options on alternative indices and explore the robustness of our conclusions for 5

Exchange-Traded Funds (ETF) - namely the iShares Russell 2000 Index ETF (ticker IWM),

the iShares MSCI Brazil ETF (EWZ), the iShares China Large-Cap ETF (FXI), the iShares

EAFA Index ETF (EFA) and the iShares Emerging Markets Index ETF (EEM). ETF options

are selected because they display higher trading volumes than their direct index counterparts

(notably due to their presence on U.S. exchanges), as discussed in Kelly, Pástor, and Veronesi

(2016). Option data are retrieved from the OptionMetrics Ivy database and adjusted ac-

cording to the parameters discussed in section 3.1. Descriptive statistics are presented in

Tables A.2 to A.6.

Table A.2: Descriptive Statistics of the Sample of iShares Russell 2000 Index
ETF (IWM) options
This table reports the descriptive statistics for the implied volatility, the moneyness level
(defined as the ratio of the strike price to the value of the underlying asset), the maturity of
the options (in days), the daily trading volume (number of traded contracts) for all available
options, the daily average trading volume per option, the daily open interest (number of
contracts outstanding) for all options, the daily average open interest per option, the number
of options traded per day, the number of available maturities per day, and the average
number of moneyness levels per available maturity, per day. The iShares Russell 2000 Index
ETF reproduces the Russell 2000 Index, an index of small capitalization companies in the
U.S. (bottom 2000 of the Russell 3000 Index, with 8% market coverage). It is a total return
Exchange-Traded Fund. American-style IWM options (SECID 106445) trade on the CBOE.
The data set covers the period between July 28, 2009 and April 29, 2016.
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Table A.3: Descriptive Statistics of the Sample of iShares MSCI Brazil ETF
(EWZ) options
This table reports the descriptive statistics for the implied volatility, the moneyness level
(defined as the ratio of the strike price to the value of the underlying asset), the maturity of
the options (in days), the daily trading volume (number of traded contracts) for all available
options, the daily average trading volume per option, the daily open interest (number of
contracts outstanding) for all options, the daily average open interest per option, the number
of options traded per day, the number of available maturities per day, and the average
number of moneyness levels per available maturity, per day. The iShares MSCI Brazil ETF
reproduces an index of large and mid-capitalizations in Brazil (with 85% free float-adjusted
coverage of Brazilian equities). It is a total return Exchange-Traded Fund. American-style
EWZ options (SECID 106416) trade on the CBOE. The data set covers the period between
July 28, 2009 and April 29, 2016.
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Table A.4: Descriptive Statistics of the Sample of iShares China Large-Cap ETF
(FXI) options
This table reports the descriptive statistics for the implied volatility, the moneyness level
(defined as the ratio of the strike price to the value of the underlying asset), the maturity of
the options (in days), the daily trading volume (number of traded contracts) for all available
options, the daily average trading volume per option, the daily open interest (number of
contracts outstanding) for all options, the daily average open interest per option, the number
of options traded per day, the number of available maturities per day, and the average
number of moneyness levels per available maturity, per day. The iShares China Large-Cap
ETF reproduces an index of the 50 largest and most liquid Chinese equities. It is a total
return Exchange-Traded Fund. American-style FXI options (SECID 122017) trade on the
CBOE. The data set covers the period between July 28, 2009 and April 29, 2016.
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Table A.5: Descriptive Statistics of the Sample of iShares EAFA Index ETF
(EFA) options.
This table reports the descriptive statistics for the implied volatility, the moneyness level
(defined as the ratio of the strike price to the value of the underlying asset), the maturity of
the options (in days), the daily trading volume (number of traded contracts) for all available
options, the daily average trading volume per option, the daily open interest (number of
contracts outstanding) for all options, the daily average open interest per option, the number
of options traded per day, the number of available maturities per day, and the average
number of moneyness levels per available maturity, per day. The iShares EAFA Index ETF
reproduces an index of large and mid-capitalizations in developed markets, excluding the
U.S. and Canada (with 85% free float-adjusted coverage). It is a total return Exchange-
Traded Fund. American-style EFA options (SECID 116908) trade on the CBOE. The data
set covers the period between July 28, 2009 and April 29, 2016.
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Table A.6: Descriptive Statistics of the Sample of iShares Emerging Markets
Index ETF (EEM) options
This table reports the descriptive statistics for the implied volatility, the moneyness level
(defined as the ratio of the strike price to the value of the underlying asset), the maturity of
the options (in days), the daily trading volume (number of traded contracts) for all available
options, the daily average trading volume per option, the daily open interest (number of
contracts outstanding) for all options, the daily average open interest per option, the number
of options traded per day, the number of available maturities per day, and the average
number of moneyness levels per available maturity, per day. The iShares Emerging Markets
Index ETF reproduces an index of large and mid-capitalizations across 23 emerging markets.
It is a total return Exchange-Traded Fund. American-style EEM options (SECID 116959)
trade on the CBOE. The data set covers the period between July 28, 2009 and April 29,
2016.

We investigate the patterns of the IV term structure between July 28, 2009 and April

29, 2016 for at-the-money options with 120 and 60 days to maturity. All IV values are

computed using the first derivation of the PTIT that excludes extrapolation (see Model 1

in Appendix B.1).9 We consider four indicators to distinguish between good and bad times,

namely the year-on-year returns of the underlying asset, the Aggregate Economic Indicator

and Financial Indicators described in Section 4.3, as well as the term structure time-series of

S&P 500 index options (for the same period and option characteristics). We always define

bad times as the bottom quintile of the indicator.

The results are consistent across securities, as reported in Tables A.7 and A.8. Term

structure slopes are lower in bad times than in good times, and display a positive linear

relationship with each indicator. Only the results with the Aggregate Economic Indicator

9Model 1 is used to estimate the implied volatilities (IV) for securities other than the S&P 500 (SPX),
as opposed to the basic PTIT used throughout this paper. The PTIT allows for extrapolation when using
available option data to estimate implied volatility values at given maturity and moneyness coordinates. The
number of options traded daily for non-SPX securities is significantly inferior compared to SPX options. As
such, using extrapolation to estimate IV values would yield inaccurate results in many cases.
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are less conclusive. In this case, the subsample analysis indicates that the slopes are not

significantly different between good and bad times for the Russell 2000 Index, the EAFA

Index and the Emerging Markets Index, at a 5% level of significance (see Table A.8). The

results suggest that IV term structure patterns for securities other than the S&P 500 Index

are more sensitive to the state of the U.S. financial market than to U.S. economic conditions.

Notably, we find a strong relationship between the term structure slope of the consid-

ered securities and the slope in the U.S. options market. Unreported tables suggest strong

adjusted R2 values (61% for the Russell 2000 Index, 20% for Brazil equities, 43% for the

FXI, 52% for the EAFA Index, and 56% for the EEM). In addition, for all securities except

the EWZ, R2 values for linear regressions against the year-on-year returns of the underlying

assets are lower than the R2 values for the regressions against the Aggregate Financial Indi-

cator - showing again the strong dependence of non-SPX IVS dynamics on the U.S. financial

market. Hence, the slopes of the IV term structure appear to strongly co-move around the

world.

Overall, the slope of the term structure computed for other stock indices and countries

appear to be cyclical, as for U.S. S&P500 options, and vary particularly strongly with changes

in global financial conditions.
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Table A.7: Slope of the Term Structure by Moneyness – Options on Alternative
Indices
This table reports descriptive statistics for the slope of the term structure for: iShares
Russell 2000 Index ETF (IWM) options, iShares MSCI Brazil ETF (EWZ) options, iShares
China Large-Cap ETF (FXI) options, iShares EAFA Index ETF (EFA) options, and iShares
Emerging Markets Index ETF (EEM) options. Statistics include the average term structure
slope, the standard deviation of the term structure, and the p-value of the data set for a
one-sample t-test. Panel A considers the slope between implied volatility (IV) observations
for options with 90 and 30 days to maturity. Panel B considers options with 120 and 60 days
to maturity. Each panel reports statistics for three moneyness levels (defined as the strike
price of the option to the price of the underlying asset): 0.95, 1.00, and 1.05. IV values are
computed using the Model 1 approach (see Appendix B.2). The sample covers the period
between July 28, 2009 and April 29, 2016.
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Table A.8: Conditional Descriptive Statistics of the IV Term Structure Slope
for Alternative Indices – Maturities of 120 and 60 Days
This table reports descriptive statistics of the term structure slope for various economic
and financial conditions. The term structure slope is defined as the difference between the
estimated implied volatilities of ATM options with 120 and 60 days to maturity. Panel 1
relates to iShares Russell 2000 Index ETF (IWM) options, Panel 2 to iShares MSCI Brazil
ETF (EWZ) options, Panel 3 to iShares China Large-Cap ETF (FXI) options, Panel 4 to
iShares EAFA Index ETF (EFA) options, and Panel 5 to iShares Emerging Markets Index
ETF (EEM) options. The four indicators are the year-on-year returns of the underlying
index (YOY), the Aggregate Economic Indicator (AEI), the Aggregate Financial Indicator
(AFI) and the time series of the IV term structure for S&P 500 options (for at-the-money
option pairs with 120 and 60 days to maturity) (SPX TS). Section 3.3 defines the periods of
good and bad times for each indicator. Columns (1) to (3) show average IV term structure
slopes unconditionally, in good times, and in bad times, respectively. Column (4) presents
the difference between (2) and (3), while Column (5) displays p-values for two-sample t-test.
IV values are estimated using the Model 1 approach (see Appendix B.2). The sample covers
the period between July 28, 2009 and April 29, 2016.
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B Methodology

B.1 Main IV Estimation Technique

Option contracts are traded for a finite number of unevenly distributed maturities and mon-

eyness levels. Consequently, the IV surface has a degenerated design. Multiple estimation

techniques are employed in this paper to compute daily IV values at any given maturity or

moneyness level.

The Proximal Trilinear Interpolation Technique (PTIT) serves as the central IV estima-

tion method throughout this study. The approach can be described as follows. For a target

time to maturity T , we choose the closest surrounding maturities available on the market. At

each maturity, we linearly interpolate between traded options to estimate volatility metrics

at the desired moneyness level M . Lastly, we interpolate between the two estimated values

to obtain IV pM,T q. The trilinear approach can be expressed as follows:

�IV 1
t pM,T1q � pIVtpM1, T1q � pM2 �Mq � IVtpM2, T1q � pM �M1qq{pM2 �M1q�IV 2
t pM,T2q � pIVtpM3, T2q � pM4 �Mq � IVtpM4, T2q � pM �M3qq{pM4 �M3q�IV tpM,T q � p�IV 1

t pM,T1q � pT2 � T q � �IV 2
t pM,T2q � pT � T1qq{pT2 � T1q

where �IV tpM,T q is the estimated implied volatility at the target time to maturity T and

target moneyness level M . T1 and T2 correspond to the closest available maturities below

and above T , respectively. M1 and M2 are the closest available moneyness levels below and

above M , for options with maturity T1. M3 and M4 are the closest available moneyness

levels below and above M , for options with maturity T2. IVt denotes the implied volatility

value of an existing (i.e., traded) option, in contrast to �IV t for estimated implied volatility

values. Refer to Figure B.1 for a visual representation of the PTIT.
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Figure B.1: Visual Representation of the Proximal Trilinear Interpolation Tech-
nique (PTIT)
The figure displays an example of the PTIT for a target moneyness level of 1 (computed
as the strike price of an option divided by the price of the underlying asset) and a tar-
get maturity of 60 days. Available and estimated option metrics are displayed with star
and diamond markers, respectively. The values in blue correspond to the closest available
maturity below the target of 60 days (i.e., 30 days). The values in red correspond to the
closest available maturity above the target of 60 days (i.e., 100 days). The blue and red
lines depict the two linear interpolations implemented to estimate the volatility metrics at
the desired moneyness level (i.e., the blue and red diamond markers). Lastly, the green line
depicts the final linear interpolation used to estimate the IV value at the target maturity
and moneyness coordinates (i.e., the green diamond marker).

Specific situations arise when traded options do not provide the required information

to execute an approach based entirely on linear interpolation, especially for the less liquid

securities employed in this study. In the original PTIT, which is the main approach that

we use throughout this paper, we allow for linear extrapolation of implied volatility values,

when market data is insufficient to interpolate, on both the moneyness and maturity axis (see

Figure B.2). Specific limits are applied to ensure the validity of the extrapolated results at

each step of the PTIT, in line with the filters described in section 3.1. For each extrapolation,

we only keep the estimate if the obtained IV is above 4% and below 90%. In addition, we

only keep the estimate if the difference between the extrapolated IV and the closest available

IV (i.e., the IV of the closest available option used for the extrapolation) is inferior to 10%.
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Figure B.2: Visual Representation of the Basic Proximal Trilinear Interpolation
Technique (PTIT), using Extrapolation
The figure displays an example of the basic PTIT for a target moneyness level of 1 (computed
as the strike price of an option divided by the price of the underlying asset) and a target
maturity of 30 days, assuming that no options are available for a maturity below 30 or a
moneyness above 1. Available and estimated option metrics are displayed with star and
diamond markers, respectively. The values in blue and red correspond to the two closest
available maturities above the target of 30 days (i.e., 60 and 100 days, respectively). The
blue and red lines depict the two linear extrapolations implemented to estimate the volatility
metrics at the desired moneyness level (i.e., the blue and red diamond markers). Lastly, the
green line depicts the final linear extrapolation used to estimate the IV value at the target
maturity and moneyness coordinates (i.e., the green diamond marker).

The application of the PTIT is an iterative process. For instance, when calculating�IV 1
t pM,T1q as per the equations above, with T1 being the closest available maturity below

the target maturity T , it is possible that no option trades with a moneyness level below the

target moneyness M (i.e., M1 does not exist). In this case, two options with maturity T1 and

moneyness levels above M could be used to extrapolate �IV 1
t pM,T1q. If the extrapolation is

not applicable (i.e., the data set is insufficient) or does not respect the above-described filters,

T1 would be replaced by the next closest maturity below T . If the calculation of �IV 1
t pM,T1q

is still not realizable, the iteration continues with the next closest maturity. The same

process is applied when computing �IV 2
t pM,T2q, where T2 is effectively the closest maturity

above T for which the computation of �IV 2
t pM,T2q is achievable and in line with the applied

filters. If the computation of neither �IV 1
t pM,T1q nor �IV 2

t pM,T2q is applicable given the data

set, �IV tpM,T q can still be extrapolated. For instance, if the computation of �IV 1
t pM,T1q
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is impossible, �IV tpM,T q can be extrapolated using �IV 2
t pM,T2q and �IV 3

t pM,T2�qq, with T2

and T2� the two closest maturities above T for which the implied volatility can be estimated

at the desired moneyness level (see Figure B.2 for visual representation). Following the full

iteration process, if the available option data set does not allow for IV estimation at the

desired maturity and moneyness coordinates, the sought data point (i.e., the IV value and

the corresponding date) is simply removed from the sample. For S&P 500 options and term

structure slopes defined as the IV differential between at-the-money options with maturities

of 120 and 60 days, the PTIT achieves a 100% success rate (i.e., no data point is removed

from the sample).

B.2 Alternative Techniques

Three derivations of the basic PTIT are introduced in Section A, namely Model 1 to 3. The

Model 1 excludes extrapolation. As such, after completion of the iteration process, T1 and

T2 correspond to the closest maturities below and above T for which the computation of�IV 1
t pM,T1q and �IV 2

t pM,T2q is achievable without extrapolation, respectively. If the compu-

tation of �IV 1
t pM,T1q or �IV 2

t pM,T2q is not achievable, the sought data point is removed from

the sample. For S&P 500 options and term structure slopes defined as the IV differential

between at-the-money options with maturities of 120 and 60 days, Model 1 achieves a 99.9%

success rate (i.e., 3 data points are removed on a total of 5,113 days). Model 2 allows for

extrapolation, but on the moneyness axis only. After completion of the iteration process, T1

and T2 correspond to the closest maturities below and above T for which the computation

of �IV 1
t pM,T1q and �IV 2

t pM,T2q is achievable (allowing for extrapolation when computing the

IV at a fixed maturity), respectively. If the computation of �IV 1
t pM,T1q or �IV 2

t pM,T2q is

not applicable, the sought data point is removed from the sample. For S&P 500 options

and term structure slopes defined as the IV differential between at-the-money options with

maturities of 120 and 60 days, Model 2 achieves a 100% success rate (i.e., no data point is

removed from the sample).

Model 3, which is the third alternative of the PTIT, incorporates a liquidity factor in

the estimation of implied volatility. In this model, we first identify the most traded options

surrounding the target moneyness level M and target maturity T :
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IV A
t pM�, T�q � most traded option with M ¤M� ¤M � 0.2 and T � 200 ¤ T� ¤ T

IV B
t pM�, T�q � most traded option with M � 0.2 ¤M� ¤M and T � 200 ¤ T� ¤ T

IV C
t pM�, T�q � most traded option with M ¤M� ¤M � 0.2 and T ¤ T� ¤ T � 200

IV D
t pM�, T�q � most traded option with M � 0.2 ¤M� ¤M and T ¤ T� ¤ T � 200

�IV tpM,T q is computed using a three-step process. First, �IV 1
t pM,T�q is calculated

through linear interpolation between IV A
t pM�, T�q and IV B

t pM�, T�q. Similarly, we com-

pute �IV 2
t pM,T�q through linear interpolation between IV C

t pM�, T�q and IV D
t pM�, T�q.

Finally, we obtain �IV tpM,T q using linear interpolation between �IV 1
t pM,T�q and �IV 2

t pM,T�q.
See Figure B.3 for visual representation.

Lastly, Model 4 uses cubic spline interpolation to estimate the IVS. In Model 4, the fit

MATLAB function is used, with piecewise cubic interpolation.
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Figure B.3: Visual Representation of the Model 3 Estimation Approach
The figure displays an example of the Model 3 estimation approach for a target moneyness
level of 1 (computed as the strike price of an option divided by the price of the underlying
asset) and a target maturity of 60 days. Available option metrics are displayed with star
markers (6 or 8 pointed). Estimated metrics are displayed with diamond markers. The
values in dark blue correspond to all available options with maturity between 5 and 60 days,
as well as moneyness between 1 and 1.2. The values in red correspond to all available options
with maturity between 5 and 60 days, as well as moneyness between 0.8 and 1. The values
in green correspond to all available options with maturity between 60 and 260 days, as well
as moneyness between 1 and 1.2. The values in light blue correspond to all available options
with maturity between 60 and 260 days, as well as moneyness between 0.8 and 1. Within
each color, the six-pointed star denotes the most traded option. The lines and corresponding
diamond markers show the linear interpolations implemented to estimate implied volatility
metrics.
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B.3 Results with Alternative Estimation Models

Table B.1: Slope of the Term Structure by Moneyness, for various implied
volatility estimation techniques
This table reports descriptive statistics for the slope of the term structure for S&P 500
options. Statistics include the average term structure slope, the standard deviation of the
term structure, and the p-value of the data set for a one-sample t-test. Panel A considers
the slope between implied volatility (IV) observations for options with 90 and 30 days to
maturity. Panel B considers options with 120 and 60 days to maturity. Each panel reports
statistics for three moneyness levels (defined as the strike price of the option to the price of
the underlying asset): 0.95, 1.00, and 1.05. All IV values are computed using the Proximal
Trilinear Interpolation Technique. The sample covers the period between January 4, 1996
and April 29, 2016. Appendix B.2 defines the alternative IV estimation techniques.
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Table B.2: Descriptive Statistics of the S&P 500 IV Term Structure Slope, for
ATM Options with Maturities of 120 and 60 Days, using the Model 1 Estimation
Approach
This table reports descriptive statistics of the term structure slope with regards to economic
and financial conditions. The term structure slope is defined as the difference between the
estimated implied volatilities of options with 120 and 60 days to maturity. IV values are
estimated using the Model 1 approach (see Appendix B.2). The table covers all economic
and financial indicators (see section 3.3 for a description of the indicators and the definitions
good and bad times). Columns (1) to (3) show average IV term structure slopes for the
entire period, good times and bad times, respectively. Column (4) presents the difference
between (2) and (3). Column (5) displays p-values for two-sample t-tests (for the two data
sets used to compute (2) and (3)). The sample covers the period between January 4, 1996
and April 29, 2016.

56



Table B.3: Descriptive Statistics of the S&P 500 IV Term Structure Slope, for
ATM Options with Maturities of 120 and 60 Days, using the Model 2 Estimation
Approach
This table reports descriptive statistics of the term structure slope with regards to economic
and financial conditions. The term structure slope is defined as the difference between the
estimated implied volatilities of options with 120 and 60 days to maturity. IV values are
estimated using the Model 2 approach (see Appendix B.2). The table covers all economic
and financial indicators (see section 3.3 for a description of the indicators and the definitions
good and bad times). Columns (1) to (3) show average IV term structure slopes for the
entire period, good times and bad times, respectively. Column (4) presents the difference
between (2) and (3). Column (5) displays p-values for two-sample t-tests (for the two data
sets used to compute (2) and (3)). The sample covers the period between January 4, 1996
and April 29, 2016.
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Table B.4: Descriptive Statistics of the S&P 500 IV Term Structure Slope, for
ATM Options with Maturities of 120 and 60 Days, using the Model 3 Estimation
Approach
This table reports descriptive statistics of the term structure slope with regards to economic
and financial conditions. The term structure slope is defined as the difference between the
estimated implied volatilities of options with 120 and 60 days to maturity. IV values are
estimated using the Model 3 approach (see Appendix B.2). The table covers all economic
and financial indicators (see section 3.3 for a description of the indicators and the definitions
good and bad times). Columns (1) to (3) show average IV term structure slopes for the
entire period, good times and bad times, respectively. Column (4) presents the difference
between (2) and (3). Column (5) displays p-values for two-sample t-tests (for the two data
sets used to compute (2) and (3)). The sample covers the period between January 4, 1996
and April 29, 2016.
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Table B.5: Descriptive Statistics of the S&P 500 IV Term Structure Slope, for
ATM Options with Maturities of 120 and 60 Days, using the Model 4 Estimation
Approach
This table reports descriptive statistics of the term structure slope with regards to economic
and financial conditions. The term structure slope is defined as the difference between the
estimated implied volatilities of options with 120 and 60 days to maturity. IV values are
estimated using the Model 4 approach (see Appendix B.2). The table covers all economic
and financial indicators (see section 3.3 for a description of the indicators and the definitions
good and bad times). Columns (1) to (3) show average IV term structure slopes for the
entire period, good times and bad times, respectively. Column (4) presents the difference
between (2) and (3). Column (5) displays p-values for two-sample t-tests (for the two data
sets used to compute (2) and (3)). The sample covers the period between January 4, 1996
and April 29, 2016.
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C Additional Results on the Smile/Skew Pattern

Table C.1: Relation between Economic Conditions and the Implied Volatility
Skew – 1.00 and 0.95 Moneyness Levels
This table reports the results of the regression analysis of the volatility skew of S&P 500
options on various economic indicators. The dependent variable is the implied volatility
skew, which is computed as the IV differential between options with moneyness levels of
1.00 and 0.95, at a maturity of 30 days. All IV values are computed using the Proximal
Trilinear Interpolation Technique. The independent variables are the NBER Recession Indi-
cator (NBER), the OECD Recession Indicator (OECD), Hamilton’s GDP-based Recession
Indicator Index (HGR), the Aruoba- Diebold-Scotti Business Conditions Index (ADS), and
the FRB Diffusion Index for Current General Activity (FRB). We compute t-statistics (re-
ported below the coefficients) using Newey-West standard errors with 10 lags. See section 3.3
for a definition of the economic indicators. The sample covers the period between January
4, 1996 and April 29, 2016.
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Table C.2: Relation between Economic Conditions and the Implied Volatility
Skew – 1.05 and 1.00 Moneyness Levels
This table reports the results of the regression analysis of the volatility skew of S&P 500
options on various economic indicators. The dependent variable is the implied volatility
skew, which is computed as the IV differential between options with moneyness levels of
1.05 and 1.00, at a maturity of 30 days. All IV values are computed using the Proximal
Trilinear Interpolation Technique. The independent variables are the NBER Recession Indi-
cator (NBER), the OECD Recession Indicator (OECD), Hamilton’s GDP-based Recession
Indicator Index (HGR), the Aruoba- Diebold-Scotti Business Conditions Index (ADS), and
the FRB Diffusion Index for Current General Activity (FRB). We compute t-statistics (re-
ported below the coefficients) using Newey-West standard errors with 10 lags. See section 3.3
for a definition of the economic indicators. The sample covers the period between January
4, 1996 and April 29, 2016.
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Table C.3: Relation between Financial Conditions and the Implied Volatility
Skew – 1.00 and 0.95 Moneyness Levels
This table reports the results of the regression analysis of the volatility skew of S&P 500
options on various financial indicators. The dependent variable is the implied volatility
skew, which is computed as the IV differential between options with moneyness levels of
1.00 and 0.95, at a maturity of 30 days. All IV values are computed using the Proximal
Trilinear Interpolation Technique. The independent variables are the year-on-year returns of
the S&P 500 Index (YOY), the TED spread (TED), the BofA Merrill Lynch US High Yield
Option-Adjusted Spread (BAML), the CBOE Volatility Index (VIX), and the Excess-Bond
Premium (EBP). We compute t-statistics (reported below the coefficients) using Newey-West
standard errors with 10 lags. See section 3.3 for a definition of the financial indicators. The
sample covers the period between January 4, 1996 and April 29, 2016 (except for columns
(3) and (6), covering the period between January 2, 1997 and April 29, 2016).
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Table C.4: Relation between Financial Conditions and the Implied Volatility
Skew – 1.05 and 1.00 Moneyness Levels
This table reports the results of the regression analysis of the volatility skew of S&P 500
options on various financial indicators. The dependent variable is the implied volatility
skew, which is computed as the IV differential between options with moneyness levels of
1.05 and 1.00, at a maturity of 30 days. All IV values are computed using the Proximal
Trilinear Interpolation Technique. The independent variables are the year-on-year returns of
the S&P 500 Index (YOY), the TED spread (TED), the BofA Merrill Lynch US High Yield
Option-Adjusted Spread (BAML), the CBOE Volatility Index (VIX), and the Excess-Bond
Premium (EBP). We compute t-statistics (reported below the coefficients) using Newey-West
standard errors with 10 lags. See section 3.3 for a definition of the financial indicators. The
sample covers the period between January 4, 1996 and April 29, 2016 (except for columns
(3) and (6), covering the period between January 2, 1997 and April 29, 2016).

D Proof of Proposition 1

Following Eraker and Shaliastovich (2008), the discrete time continuously compounded log-

return, logRc,t, on the representative investor’s wealth, Wt, satisfies

logRc,t�1 � log
Wt�1 � Ct�1

Wt

� log pewct�1 � 1q � wct � log
Ct�1

Ct
, (5)

where wct � logpWt{Ctq. Log-linearing the first term in (5) around the mean log wealth-

consumption ratio yields

logRc,t�1 � k0 � k1wct�1 � wct � log
Ct�1

Ct
, (6)
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where the constants k0 and k1 satisfy

k0 � � log
�p1� k1q1�k1kk11

�
, k1 � eEpwctq{ �1� eEpwctq

�
.

The continuous-time counterpart of (6) is

d logRc,t � k0dt� k1dwct � p1� k1qwctdt� d logCt,

and the Euler equation defining the state-price density, Mt, is written

Et
�

exp

�
log

Mt�τ

Mt

�
» t�τ

t

d logRc,s


�
� 1,

where

d logMt � θ log δdt� θ

ψ
d logCt � p1� θqd logRc,t.

The state variables belong to the affine class and their dynamics can be written as:

dYt � µpYtqdt� ΣpYtqdBt � Jt � dNt

µpYtq �M�KYt

ΣpYtqΣpYtqJ � h�
4̧

i�1

H iY i
t

lpYtq � l0 � l1Yt,

where M P R4, K P R4�4, h P R4�4, H P R4�4�4, l0 P R4, and l1 P R4�4, Bt �
pBxt, Bµt, Bzt, BλtqJ is a standard Brownian motion; Nt � pNxt, NµtNzt, NλtqJ is a vector

of independent pure jump processes; lpY q P R4 is the corresponding vector of jump intensi-

ties; Jt P R4 is the vector of jump sizes; and “�” denotes element-by-element multiplication.

The state-price density satisfies

d logMt � pθ log δ � pθ � 1q log k1 � pθ � 1qpk1 � 1qB1pYt � µY qdt� Ω1dYt,

where Yt � pxt, µt, zt, λtqJ, µY � p0, µ̄, 0, λ̄qJ, Ω � γp1, 0, 1, 0qJ � p1 � θqk1B, and the

coefficients A P R and B P R4 are defined in (2).
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The coefficients A P R, B P R4, and k1 P R solve the following system of equations:

0 � KJχ� θp1� k1qB � 1

2
χJHχ� lJ1 p%pχq � 1q,

0 � θplog δ � k0 � p1� k1qAq �MJχ� 1

2
χJhχ� lJ0 p%pχq � 1q,

and

θ log k1 � θplog δ � p1� k1qBJµY q �MJχ� 1

2
χJhχ� lJ0 p%pχq � 1q,

where χ � θ
�
p1� 1

ψ
qp1, 0, 1, 0qJ � k1B

	
.

l

E Proof of Proposition 2

Following Eraker and Shaliastovich (2008), the coefficients Φ0 P R and Φ1 P R4 defined in

(3) solve the following system of equations:

Φ1 � p1� θqpk1 � 1qB �KJΩ� 1

2
ΩJHΩ� lJ1 p%p�Ωq � 1q,

Φ0 � �θ log δ � pθ � 1qplog k1 � pk1 � 1qBJµY q �MJΩ� 1

2
ΩJhΩ� lJ0 p%p�Ωq � 1q.

l

F Proof of Proposition 3

By log-linearizing the return on the stock, Eraker and Shaliastovich (2008) show that the

coefficients Ad P R and Bd P R4 defined in (4) and the associated coefficient k1d P R solve

the following system of equations:

0 �KJχd � pθ � 1qpk1 � 1qB � pk1d � 1qBd � 1

2
χJdHχd � lJ1 p%pχdq � 1q,

0 �θ log δ � pθ � 1qplog k1 � pk1 � 1qBJµY q � plog k1d � pk1d � 1qBJ
d µY q

�MJχd � 1

2
χJd hχd � lJ0 p%pχdq � 1q,

Ad � log

�
k1d

1� k1d



�BJ

d µY

where χd � pα, 0, α, 0qJ � k1dBd � Ω.
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l

G Characterization of the Risk Neutral Measure

Eraker and Shaliastovich (2008) show that, under the risk neutral measure Q, the vector of

state variables Yt has the following dynamics

dYt � pMQ �KQYtqdt� ΣpYtqdBQ
t � JQ

t � dNQ
t ,

where BQ
t � Bt�

³t
0

Λc
sds is a Q-Brownian motion, NQ

t is 4-dimensional Poisson process with

Q-jump intensity lQpYtq � lQ0 � lQ1 Yt, and JQ
t is a 4-dimensional Q-jump size vector with

moment-generating function %Qpuq � Et
�
euJ

Q
t

	
.

The coefficients MQ P R4, KQ P R4�4, lQ0 P R4, lQ1 P R4�4, and %Qp.q P R4 satisfy

MQ �M� hΩ,

KQ � K �HΩ,

lQpYtq � lQ0 � lQ1 Yt � lpYtq � %p�Ωq,
%Q,ipuiq � %pui � Ωiq{%p�Ωiq, where i � 1, . . . , 4 stands for the i-th coordinate.

H Proof of Proposition 4

Following Chapter 8 in Duffie (2001), the price of a European put option written on the

stock satisfies

putt � EQ
t

�
e�

³T
t rsds max p0;K � PT q

	
� KGtplogK � Ap; τ, 04�1, Bpq � eApGtplogK � Ap; τ, Bp, Bpq,

where τ � T � t. Because the stock price is defined as follows

Pt � eAp�B
J
p Yt � eAd�pα�B1dqxt�B2dµt�pα�B3dqzt�B4dλt ,

the coefficients Ap P R and Bp P R4 satisfy

Ap � Ad,

B1p � α �B1d, B2p � B2d,

B3p � α �B3d, B4p � B4d.

66



The function Gtp.; ., ., .q P R is defined as follows

Gtpq; τ, d, δq � EQ
t

�
e�

³T
t rsdsed�YT1δ�YT¤q

	
�

pGtp0; τ, d, δq
2

� 1

π

» 8

0

1

v
Im

�
e�ıvq pGtpv; τ, d, δq

	
dv,

where Imp.q stands for the imaginary part, ı is the imaginary number such that ı2 � �1,

and the Fourier transform pGtp.; ., ., .q of the function Gtp.; ., ., .q satisfies

pGtpv; τ, d, δq �
» �8

�8

eıvqdGtpq; τ, d, δq � EQ
t

�
e�

³T
t rsdsed�YT eıvδ�YT

	
� eapτq�bpτq

JYt .

The functions apτq P R and bpτq P R4 satisfy the following system of ordinary differential

equations

b1pτq � �Φ1 �KQJbpτq � 1

2
bpτqJHbpτq � lQ1

J �
%Qpbpτqq � 1

�
,

a1pτq � �Φ0 �MQJbpτq � 1

2
bpτqJhbpτq � lQ0

J �
%Qpbpτqq � 1

�
,

subject to ap0q � 0 and bp0q � d� ıvδ.

l
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